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Another area of inferential statistics involves
determining whether a relationship between two
or more numerical or quantitative variables exists.
For example

A businessperson may want to know whether the
volume of sales for a given month is related to the
amount of advertising the firm does that month.

Educators are interested in determining whether
the number of hours a student studies is related to
the student’s score on a particular exam.
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Medical researchers are interested in questions such
as, Is caffeine related to heart damage? Is there a
relationship between a person’s age and his or her
blood pressure?

These are only a few of the many questions that can
be answered by using the techniques of correlation
and regression analysis.

Correlation is a statistical method used to determine
whether a relationship between variables exists.
Regression is a statistical method used to describe
the nature of the relationship between variables, that

K is, positive or negative, linear or nonlinear. J
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In simple correlation and regression studies, the
researcher collects data on two numerical or
guantitative variables to see whether a relationship
exists between the variables.

For example, if a researcher wishes to see whether
there is a relationship between number of hours of
study and test scores on an exam:

She must select a random sample of students
Determine the hours each studied, and
Obtain their grades on the exam.
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Independent variable
___Hours of

Student study x Grade y (%)

6 82
2 63
1 57
5 88
2
3

Dependent variable

68
75

MmO QWP

* The independent variable is the variable that can be
controlled or manipulated.

* The dependent variable is the variable that cannot be
controlled or manipulated.

* The reason for this distinction between the variables

is that one assumes that the grade the student earns
k depends on the number of hours the student studieu
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The independent and dependent variables can be
plotted on a graph called a scatter plot. The
independent variable x is plotted on the horizontal
axis, and the dependent variable y is plotted on the
vertical axis.

A scatter plot is a graph of the ordered pairs (x, y) of
numbers consisting of the independent variable x
and the dependent variable y.

The scatter plot is a visual way to describe the
nature of the relationship between the independent
and dependent variables.
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« After the plot is drawn, it should be analyzed to
determine which type of relationship, if any, exists.

For example, in the 4

plot shown here it 150

suggests a positive o

relationship, sinceasa ¢ ™

person’s age

increases, blood .

pressure tends to 120 .

increase also. ) ) ) x

\_ <)
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Positive relationship

x axis represents Age
y axis represents Pressure
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No relationship
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Negative relationship

X axis represents Age
y axis represents Pressure
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* Are two or more variables related?
« If so, what is the strength of the relationship?

« Statisticians use a measure called the correlation
coefficient to determine the strength of the
relationship between two variables.

« There are several types of correlation coefficients.

* The most common one is called the Pearson
product moment correlation coefficient (PPMC),
named after statistician Karl Pearson, who pioneered
the research in this area.
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The correlation coefficient  computed from the
sample data measures the strength and direction
of a linear relationship between two variables. The
symbol for the sample correlation coefficient is r.

The range of the correlation coefficient is from +1
to-1
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« If there is a strong positive linear relationship
between the variables, the value of r will be close
to +1.

« If there is a strong negative linear relationship
between the variables, the value of r will be close
to -1.

* When there is no linear relationship between the
variables or only a weak relationship, the value of
r will be close to 0.
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There are several ways to compute the value of
the correlation coefficient. One method is to use
the formula shown here.
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Test the significance of the correlation coefficientr =
0.067, obtained from a sample pair of 9at =0.01

Since the sample size is 9, there are 7 degrees of
freedom. When =0.01 and with 7 degrees of freedom,
the value obtained from Table | is 0.798.

For a significant relationship, a value of r greater than +
0.798 or less than - 0.798 is needed. Since r = 0.067, the
null hypothesis is not rejected.

Hence, there is not enough evidence to say that there is a
significant linear relationship between the variables.

Reject Do ot reject Reject

! il I I 1
k = —0.798 0™ 0.067 10798 N /
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The purpose of the scatter plot: is to determine the
nature of the relationship. The possibilities include

* apositive linear relationship

* anegative linear relationship
« acurvilinear relationship, or

* no discernible relationship

After the scatter plot is drawn, the next steps are to
compute the value of the correlation coefficient and
to test the significance of the relationship.
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If the value of the correlation coefficient is
significant, the next step is to determine the
equation of the regression line, which is the data’s
line of best fit.

(Note: Determining the regression line when r is not
significant and then making predictions using the
regression line are meaningless.)

The purpose of the regression line is to enable the
researcher to see the trend and make predictions on

the basis of the data.
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* Regression analysis is used to:

 Predict the value of a dependent variable based on
the value of at least one independent variable

Explain the impact of changes in an independent
variable on the dependent variable

Dependent variable: the variable we wish to explain
(also called the endogenous variable)

Independent variable: the variable used to explain
the dependent variable (also called the exogenous
variable)
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Given a scatter plot, one
must be able to draw the line
of best fit. Best fit means that
the sum of the squares of the
vertical distances from each
point to the line is at a
minimum.

The reason one needs a line
of best fit is that the values of
y will be predicted from the

values of x; hence, the closer
the points are to the line, the

better the fit and the
&rediction will be.
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The relationship between X and Y is described by a linear function
Changes in Y are assumed to be by changes in X

Y Regression line

Observed Value
of Y for X;

Predicted Value
of Y for X;

Random Error
for this X; value

Intercept = a

\ X y
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* Areal estate agent wishes to examine the relationship
between the selling price of a home and its size
(measured in square feet)

« Arandom sample of 10 houses is selected
» Dependent variable (Y) = house price in $1000s
 Independent variable (X) = square feet
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House Price in $1000s Square Feet
(] X)
245 1400
312 1600
279 1700
308 1875
199 1100
219 1550
405 2350
324 2450
319 1425

\ 255

1700 /
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* House price model: scatter plot
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Regression Statistics

Muliple R oze211 The regression equation is:
R Square 0.58082 —
house price =98.24833 +0.10977 (square feet)‘

Adjusted R Square 052842

Standard Error 41.33032
Observations 10

Va

line
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« House price model: scatter plot and regression

W w
s &
83

ANOVA
df ss

MS F F
Regression 1 18934.9348  18934.9348  11.0848 0.01039
Residual 136655652  1708.1957
Total 9 32600.5000
ficients \Standard Error t Stat Pvalue  Lower95%  Upper 95%
58.03348 169296  0.12892 3557720  232.07386
0.03297 3.32038  0.01039 0.03374 0.18580

Coeff
Intercept 98.24833
qjm Feet 0.10977
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‘ hou@ice =98.24833 +0.10977 (square feet) /
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house price =98.24833+ 0.10977 (square feet)

* ais the estimated average value of Y when the value of
X is zero (if X = 0 is in the range of observed X values)

* Here, no houses had 0 square feet, so a = 98.24833
just indicates that, for houses within the range of
sizes observed, $98,248.33 is the portion of the
house price not explained by square feet
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house price = 98.24833 +]0.10977 (square feet)

* b measures the estimated change in the average value
of Y as a result of a one-unit change in X

e Here, b =.10977 tells us that the average value of a
house increases by .10977($1000) = $109.77, on
average, for each additional one square foot of size
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g2 SSR _18934.9348 _ oo
Multiple R 076211 SST 32600.5000
R Square 0.58082
Adjusted R Square 052842
Standard Error 41.33032 58.08% of the variation in house prices is explained
Obeervations o | by variation in square feet
ANOVA
df MS F Significance F
I 1 [18934.9348 | 18934.9348 11.0848 0.01039
Residual 8 13665.5652 1708.1957
Total 32600.5000
Coefficients Standard Error t Stat P-value Lower 95% Upper 95%
Intercept 98.24833 58.03348 1.69296  0.12892 -35.57720  232.07386
0.01039 0.03374 0.18580

Square Feet 0.10977 0.03207 332938
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* The is the portion of the
total variation in the dependent variable that is
explained by variation in the independent variable

» The coefficient of determination is also called

and is denoted as

_SSR _ regression sum of squares
SST total sum of squares

note: |0 £ R2 £1
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[ssEl ( Ly vy
BsTE (- 2

<E

[ssRrJ= &y

/ y = Average value of the dependent variable

y; = Observed values of the dependent variable
§’, = Predicted value of y for the given x; value

K X; /
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Y
oo =1
~
A Perfect linear relationship
X between X and Y:
rr=1 o
v 100% of the variation in Y is
- explained by variation in X
. —
A
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0<rz<1

~ Weaker linear relationships
between X and Y:

Some but not all of the
_ variation in Y is explained
by variation in X
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2=0

No linear relationship
between X and Y:

The value of Y does not

=g X depend on X. (None of the
variation in Y is explained
by variation in X)
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Regression Statistics

Multiple R
R Square

Observations

0.76211
0.58082
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ANOVA
df ss MS F F
Regression 1 18934.9348  18934.9348  11.0848 0.01039
Residual 8 136655652 1708.1957
Total 9 32600.5000
Coefficients  Standard Error t Stat P-value  Lower95%  Upper 95%
Intercept 98.24833 58.03348 1.69296  0.12892 -35.57720  232.07386
0.10977 0.03297 3.32938  0.01039 0.03374 0.18580

Cuam Feet
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S, Is a measure of the variation of observed y
values from the regression line

Y ‘ Y
X X

The magnitude of s, should always be judged relative to the size
of the y values in the sample data

i.e., s, = $41.33K is moderately small relative to house prices in

K the $200 - $300K range /
University of Wisconsin-Milwaukee.
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Hi?]u;f Ozgze Square Feet
W ©
245 1400
312 1600
279 1700
308 1875
199 1100
219 1550
405 2350
324 2450
319 1425
255 1700
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Estimated Regression Equation:

house price = 98.25 +0.1098 (sq.ft.)

The slope of this model is 0.1098

Does square footage of the house
affect its sales price?

Null and alternative hypotheses
HO: 1 =0 (no linear relationship)
H1: 1 0 (linear relationship does exist)
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Hy: ;=0 From Excel output:
Hy: ;0 Coefficients _stndard Error t Stat P-value
Intercept 98.24833 56.03345 | 169296 | 0.12802
Square Feet C 010977 D (_ 003297) 332938} 0.01039
b, - 0.10977- 0
t=—t—1-= =3.32938

s,  0.03297
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Test Statistic: t = 3.329

Hy: ;=0 From Excel output:
Hy: ;0 Coefficients | Stapdard Error | tstat | P-value
Intercept 98.24833 58.03349 | 1.6929¢ | 0.12892
df.=10-2=8 Square Feet | C0.10977D  ( 0.03297{(3.32938} 0.01039
tg, 025 = 2.3060
Decision:
al2=.025 al2=.025 Reject H,
Conclusion:
: : 4 There is sufficient evidence tha
Reject H, ' Do not reject H, Rejdct H,
Yo p 0 tzn square footage affects house
Kz.soeo 2.3060 [533,9| Price /
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P-value = 0.01039

P-value

Hy: ;=0 From Excel output: T

Hy: ;0 Coefficients | Standard Error | tStat ||P-value
Intercept 98.24833 58.03348 | 1.69296 10.12892
Square Feet 0.10977 0.03297 | 3.32938 [(0.01039

This is a two-tail test, so
the p-value is

Decision: P-value< so
Reject H,

P(t > 3.329)+P(t < -3.329) Conclusion:
=0.01039 There is sufficient evidence that

@8 df) square footage affects house
price /
University of Wisconsin-Milwaukee,
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» The regression equation can be used to predict a
value for y, given a particular x

» For a specified value, x,,, , the predicted value is

yn+l = bO b len+l
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Predict the price for a house
with 2000 square feet:

hous/e\price =98.25+0.1098 (sq.ft.)
= 98.25 +0.1098(2000)

=317.85
The predicted price for a house with 2000

@uare feet is 317.85($1,000s) = $317,850 /
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* When using a regression model for prediction, only
predict within the relevant range of data

Relevant data range

—M—

350 T
300 T
250 T
200 T
150 T

House Price ($1000s)

1004 \
50 |

»i

Risky to try to
extrapolate far
| beyond the range

o

0 500 1000 1500 2000 2500 3000

Square Feet

of observed X's
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