
Vector operations and elementary field theory 
(Homework project #1 for ATM SCI 351: DUE 9/22) 
 
 
Definitions 
 
Consider three-dimensional vectors   

!  

r 
a = (ax,ay,az);   

!  

r 
b = (bx,by,bz); and   

!  

r 
c = (cx,cy,cz). Note 

that each vector is characterized by three numbers. If the beginning of the vector   

!  

r 
a , for 

example, has an x-coordinate x1 and the end of the vector has an x-coordinate x2, then the 
x-coordinate of vector   

!  

r 
a  is 

!  

ax = x2 " x1. In an analogous way 

!  

ay = y2 " y1 and 

!  

az = z2 " z1, 
where y1, z1 and y2, z2 are y- and z-coordinates of the beginning and the end of vector   

!  

r 
a , 

respectively, while 

!  

ay and 

!  

az are y- and z-coordinates of vector   

!  

r 
a . Thus, a vector is 

characterized by its length (distance between vectorÕs beginning and end points) and 
direction (from the beginning to end, at some angle relative to the axis of coordinate 
system), but its beginning point can be anywhere (so that two vectors with different 
starting points, but same coordinates formally represent the same object). 
 
 
Question 1.  Cartesian coordinate system is characterized by three orthogonal unit 
vectors (orts)   

!  

r 
i ,   

!  

r 
j , and   

!  

r 
k , which are parallel to the x-, y-, and z-axis, respectively. What 

are the coordinates of these vectors? 
 
 
Scalar and vector products 
 
The scalar product (or dot product) of two vectors   

!  

r 
a  and   

!  

r 
b  is denoted by   

!  

r 
a ¥

r 
b  or simply 

by   

!  

r 
a 

r 
b . LetÕs transfer the beginnings of   

!  

r 
a  and   

!  

r 
b  to the same point, and let 

!  

"  be the angle 

between the two vectors. The lengths of the vectors are given by 
  

!  

|
r 
a |= ax

2 + ay
2 + az

2  and 

  

!  

|
r 
b |= bx

2 + by
2 + bz

2 . The definition of   

!  

r 
a 

r 
b  is   

!  

r 
a 

r 
b =|

r 
a ||

r 
b |Cos(" ) = axbx + ayby + azbz. Note 

that the scalar product is a number (not vector!). If the two vectors are perpendicular 
(  

!  

r 
a "

r 
b ), then   

!  

r 
a 

r 
b =|

r 
a ||

r 
b |Cos(90o) = 0. 

 
The vector product   

!  

r 
a "

r 
b  is the vector   

!  

r 
c , which is perpendicular to both   

!  

r 
a  and   

!  

r 
b , and 

has a length of   

!  

|
r 
c |=|

r 
a ||

r 
b |Sin(" ) (note that the vector product of two parallel vectors 

[

!  

" = 0o] is a zero vector). The direction of   

!  

r 
c  is such that, when the beginnings of all 

three vectors are co-located, then looking from the end of vector   

!  

r 
c , the shortest turn from 

  

!  

r 
a  to   

!  

r 
b  is counterclockwise. The vector product expressed in terms of orts and 

coordinates of   

!  

r 
a  and   

!  

r 
b  can be computed as a determinant of a matrix 



  

!  

r 
a "

r 
b =

r 
i 

r 
j 

r 
k 

ax ay az

bx by bz

=
r 
i 

ay az

by bz

#
r 
j 
ax az

bx bz

+
r 
k 

ax ay

bx by

=
r 
i (aybz # byaz) +

r 
j (bxaz # axbz) +

r 
k (axby # aybx)

 
In other words   

!  

r 
c =

r 
a "

r 
b = (aybz # byaz,bxaz # axbz,axby # aybx) . 

 
 
 
Question 2.  (a) Using definitions of scalar and vector products in Cartesian coordinates, 
show that   

!  

r 
a " (

r 
b "

r 
c ) =

r 
b (

r 
a 

r 
c ) #

r 
c (

r 
a 

r 
b ). 

                      (b) How are   

!  

r 
a "

r 
b  and   

!  

r 
b "

r 
a  are related? 

                      (c) Write the expression for   

!  

(
r 
a "

r 
b ) "

r 
c  analogous to the one for   

!  

r 
a " (

r 
b "

r 
c ) 

in item (a) above. 
                         
 

Question 3.  (a) Show that 

  

!  

(
r 
a "

r 
b )¥

r 
c =

ax ay az

bx by bz

cx cy cz

. 

                     (b) Denote the mixed vector/scalar double product above by   

!  

r 
a 

r 
b 

r 
c . Show 

that   

!  

r 
a 

r 
b 

r 
c =

r 
b 

r 
c 
r 
a =

r 
c 
r 
a 

r 
b = "

r 
a 

r 
c 

r 
b = "

r 
b 

r 
a 

r 
c = "

r 
c 

r 
b 

r 
a . 

 
 
 
 
Elements of the field theory 
 
There can be scalar fields, say temperature 

!  

T(x,y,z) and vector fields, say velocity field 

  

!  

r 
U (x,y,z) = (u(x,y,z),v(x,y,z),w(x,y,z)). The gradient of a scalar field 

!  

" T  is vector field: 

  

!  

" T =
r 
i 

#T
#x

+
r 
j 
#T
#y

+
r 
k 

#T
#z

= (
#T
#x

,
#T
#y

,
#T
#z

) , where the partial derivative of T with respect to 

x  is computed as  

!  

" T
" x

=
#x$ 0
lim

T(x + #x,y,z) %T(x,y,z)
#x

, holding y and z constant, and the 

partial derivatives with respect to y and z are computed in an analogous way. 
 
 
 
Divergence of a vector field is a scalar field: 

  

!  

div
r 
U = " ¥

r 
U = (

r 
i 

#
#x

+
r 
j 

#
#y

+
r 
k 

#
#z

)¥(
r 
i u+

r 
j v +

r 
k w) =

#u
#x

+
#v
#y

+
#w
#z

. 

 
 
Curl (or rotor) of a vector field is a vector defined as follows: 



  

!  

curl
r 
U = " #

r 
U =

r 
i 

r 
j 

r 
k 

$
$x

$
$y

$
$z

u v w

=
r 
i (

$w
$y

%
$v
$z

) +
r 
j (

$u
$z

%
$w
$x

) +
r 
k (

$v
$x

%
$u
$y

). 

 
 
 
Example. Using definitions above, prove the following identity: 

!  

" # ("$ ) = 0 (curl of 
the gradient of any scalar field 

!  

" (x,y,z)  is zero). 
 
Solution: 
 

  

!  

"# =
r 
i 

$#
$x

+
r 
j 
$#
$y

+
r 
k 

$#
$z

 

  

!  

" # ("$ ) =

r 
i 

r 
j 

r 
k 

%
%x

%
%y

%
%z

%$
%x

%$
%y

%$
%z

=
r 
i (

%2$
%y%z

&
%2$
%z%y

) +
r 
j (

%2$
%z%x

&
%2$
%x%z

) +
r 
k (

%2$
%x%y

&
%2$
%y%x

) . Noting 

that the second mixed derivative does not depend on the order of differentiation, we get 
the desired answer. 
 
 
 
Question 4. Prove the following identities: 
 
(a)   

!  

" ¥(#
r 
A ) = (# " )¥

r 
A +

r 
A ¥("# ) 

(b)   

!  

" # ($
r 
A ) = (" $ ) #

r 
A + $ (" #

r 
A ) 

(c)   

!  

" ¥(" #
r 
A ) = 0  (divergence of a curl of any vector field is zero) 

(d) 
  

!  

(
r 
A ¥" )

r 
A =

1
2

" (
r 
A ¥

r 
A ) #

r 
A $ (" $

r 
A ) 

(e)   

!  

" # (
r 
A #

r 
B ) =

r 
A (" ¥

r 
B ) $

r 
B (" ¥

r 
A ) $ (

r 
A ¥" )

r 
B + (

r 
B ¥" )

r 
A  

 
 
Hint. The proof of (d) and (e) above can be made easier if you use double vector product 
identities of Question 2 prior to expanding definitions of vector operations. 


