Vector operations and elementary field theory
(Homework project #1 for ATM SCI 351: DUE 9/22)

Definitions

Condder three-dimendond vectors a=(a,,a,,a,); b =(b,.b,.b,); and ¢ = (c,,c,.c,). Note
that each vector is characterized by three numbers. If the beginning of the vector a, for
example, has an x-coordinae x; andthe end of thevector has an x-coordinae x,, then the
x-coordinate of vector ais a = x," x. Inanandogousway a, =y," y,and a,=z," z,
wherey,, z andy,, z, are y- and z-coordinaes of the beginning and theend of vector a,
respectively, while a, and a, are y- and z-coordinates of vector a. Thus avectoris

characterized by its length (distance between vector@ beginning and end points) and
direction (fromthe beginning to end, at some angle relative to the axis of coordinae
system), butits beginning point can be anywhere (so tha two vectors with different
starting points, but same coordinaes formally represent the same obiject).

Question 1. Carteaan coordinate system is characterized by three orthogon unit
vectors (orts) i j and k which are paallel tothex-, y-, and z-axis, respectively. Wha
are the coordinaes of these vectors?

Scalar and vector products

Thescalar produd (or dot produa) of two vectors 4 and b is denoted by a¥b or smply
by ab. Let@ trandfer thebeginningsof a and b to the same point, andlet ~ betheangle

between thetwo vectors. Thelengthsof thevectors are given by |a | /& + ay +a’ and
|b [ /b2 +b? +b? . Thedefinitionof ab is ab=|a||b |Cog") =ab, +ah, +ah,. Note
tha thescalar produa isanumber (notvector!). If thetwo vectors are perpendicular

(a b) then ab |a||b |Cog90°) =0.

Thevector produd a" b isthevector ¢, which is perpendicular to both a and b, and
has alength of |(': |:|<":1||b | Sin(") (note tha the vector produd of two parallel vectors

[" =0°] isazero vector). Thedirection of ¢ issuch tha, when the beginningsof all
three vectors are co-located, then looking from the end of vector ¢, the shortest turn from
Atobis counterclockwise. Thevector produd expressed in terms of orts and
coordinaes of a and b can be computed as a determinant of a matrix
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In other words ¢ =a" b = (ab,#ba,ba, #ab,ab #ab,).

Question 2 (@) Usu ng de‘lnltlonsof scalar and vector produds in Cartesian coordinates,

showtha a" (b" c) b(ac)#c(ab)
(b) How are a"bandb" a are related’7

(c) Write theexpression for (a b) candogoustotheonefora (b" c)

initem (a) above

Foror a a &
Quegtion 3. (a) Showtha (a" b)¥c=b, b, b,
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(b) Denote the mlxed vector/scalar double produd aboveby abc . Show

tha abc bca cab— acb— bac— cba

Elements of the field theory
There can be scalar fields say temperature T(X,y,z) and vector fields say velodty field
U(x,Y,2) = (u(x,y,2),v(xY,2),w(x,Y,2)). Thegradient of ascalar field " T isvector field:
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patia derivatives with respect to y and z are computed in an andogousway
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Curl (or rotor) of avector field is avector defined as follows:



Example. Using definitionsabove provethefollowingidentity: " #("$ ) =0 (cur of
thegradient of any scalar field " (x,y,2) iszero).

Solution:
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tha the second mixed derivative does not degpend on the order of differentiation, we get
thedesired answer.

Question 4. Provethefollowing identities:

(@) " ¥(HA)=(#" )¥A+A¥(H )
(b) " #($A)—(" S)HA+S(" #A)
(c)" ¥( #A) 0 (dlvergenoeofacurl of any vector field is zero)

(d) (A¥" )A= 5 (AXA)#AS( $A)
CE #(A#B)_A( ¥B)$B(" ¥A)$(A¥" )B+(B¥" )A

Hint. The proof of (d) and (e) abovecan bemadeeasier if you use doubk vector produd
identities of Question 2 prior to expanding definitionsof vector opeations



