Vector Spaces and Inner Product Spaces: Lecture 01

All material from Chapter 2 and 8 of Linear Algebra by Hoffman and Kunze.
Definition: A vector space consists of the following:

1. a field F of scalars;

2. a set V of objects called vectors;

3. An operation, called vector addition, which associates to each pair of vectors o and
B in V a vector o+ 8 € V, called the sum of o and 3 in such a way that
(a) vector addition is commutative;

(b) vector addition is associative;

(¢c) there is a vector 0 € V, called the zero vector, such that «+0 = a for all « € V.

(d) for each a € V there is a vector —a € V so that —a+ a = 0.

4. an operation, called scalar multiplication, which associates with each scalar ¢ € F'
and each vector a € V' a vector ca € V, called the product of ¢ and «, in such a way
that
(a) lao =« for each o € V;

(b) (c1c2)a = c1(caar);
() cla+B) = ca+cf
(d) (14 c2)a=cra+ ca.

Example: If F is a subfield of the field G then G is a vector space over F', but F is not a vector
space over G unless F' = G.

Example: If S is any non-empty set and W is a vector space over F', then the set of all functions
from S to W is a vector space over I’ with the usual definition of sum of functions and
multiplication of functions by scalars. This vector space is sometimes denoted by W*. In
particular, F'° is a vector space over F.

Definition: A vector space V over F is called an inner product space if

1. F'is a subfield of the complex numbers.
2. there is an operation, called the inner product, which associates to each pair of
vectors o and (3 a scalar («|f5) € F so that
(a) (ca+ply) = claly) + (Bl7);
(b) (B|a) is the complex conjugate of («|3).
(c) (ala)>0if a#0.

Example 1: Suppose that V = F™*! where F is a subfield of the complex numbers and wy, > 0
for k=1,2,...,n. Then

(a]B) = Z wya Bk
k=1

defines an inner product on V. The scalars wy are called weights. If the weights are all
1 this is called the standard inner product. If F' is contained in the real numbers and
the weights are all 1 this is called the dot product.

Example 2: Suppose that V is the set of continuous functions from [—1,1] into the complex
numbers, F' is a subfield of the complex numbers, and w € V and w(z) > 0 for z € (—1,1)
then

(al) = / o(z)B@)w(z) d

1

defines an inner product on V.



Example 3: Suppose that T : V — W is a one-to-one linear transformation and W is an inner
product space with inner product (-|-)w. Then

(@lB)y = (T()|T(B))w
defines an inner product on V.

Proposition: Suppose that V' is a vector space over F.

1. 6626;

2. 0a = 0;

3. caz@impliesc:Oorazﬁ.
4. —lao= -«

If V is an inner product space then

1. (a|ef +7v) =¢(a|B) + (a|y) where € denotes the complex conjugate of c.
2. (ala) = 0 if and only if o = 0.

Definition: If V is an inner product space over F' then the norm of a vector «, denoted by
|lcr]| is given by
el = V(ela).

If ||| = 1 we say that « is a unit vector. If F contains the real numbers and a # 0 then
the vector (1/]|a|)a is called the direction of . The direction of « is a unit vector.

Polarization identities: Relations between the norm and the inner product.
1. If F is a subfield of the real numbers then
4(alp) = (a+ Bla+B) — (a — Bla — B)

so if F' is the real numbers then

(a]8) = 7 (lla+ BI* = lla = B11%) -

| =

2. If F is the complex numbers, then
=
(alf) = 7 > iFlla+ B2,
k=1

Definition « and § are said to be orthogonal if (a|8) = 0. A set of vectors is said to be
orthogonal if any pair of vectors in the set is orthogonal. A set of orthogonal vectors is
said to be orthonormal if each vector in the set is a unit vector.

Lemma: If o # 0, define proj, : V. — V by

o (Bl
pI’O‘]a(ﬂ) T (a|a) :

proj, () is called the (orthogonal) projection of 5 onto «, and 3 — proj, () is orthog-
onal to a.

Pythagorean Theorem: If a and 3 are orthogonal then
led® + 11811% = [l = BII?
Law of Cosines: If o # 0 and 3 # 0 then

((a]B) + (Bla))/2

_ B2 — (]2 2_9
lor =8I = llal® + 1181 = 2l 81 === 23y




Theorem 8.1: If V is an inner product space then for any vectors a and § and any scalar c:

Norm scaling: |[ca|| = |c| - |||

Positivity: If o # 0 then |l > 0.
Cauchy-Schwarz-Bunyakowski Inequality: |(a|8)| < ||« - |8
Triangle inequality: ||a+ 8] < || + |3

The CSB Inequality is proven by applying the Pythagorean Theorem to proj,(8) and
proja(ﬁ) - ﬁ

Definition: Let V' be a vector space over the field F. A subspace of V is a subset W of V
which is itself a vector space over F' with respect to the operations of V.

Theorem 2.1: A non-empty subset W of a vector space V over F is a subspace of V if and
only if W is closed under scalar multiplication and vector addition, that is, for every pair
of vectors o and 8 in W and each scalar ¢ € F we have ca + 3 € W.

Example: Let V be an inner product space, and let « € V be given. W = {5 € V : (8|la) = 0}
is a subspace of V.

Theorem 2.2: The intersection of subspaces of V' is a subspace of V.

Example: If W is a subset of an inner product space, the set
Wt :={BecV:(Blw)=0 forall wec W}
is a subspace called the orthogonal complement of W.

Definition: Let S C V. The subspace spanngd by S is the intersection of all subspaces of V
that contain S. If S is empty or if S = {0} then the span of S is {0}.

Definition: If S C V, a vector [ is said to be a linear combination of the elements of S if
there are scalars cq,...,c, and vectors o1,...,0, in S so that

n
B = Z CkO)
k=1
If ) #£S C V we say S is linearly independent if the only linear combination of distinct
elements of S that equals 0 is the one with all the scalars equal to 0.
Observation: If S is an orthonormal set in V' and 3 is a a linear combination of elements of .S

then
B="> (Blo)o.

ceS

Note: Under the hypotheses, (5|o) # 0 for only a finite number of elements of S.
Theorem 8.2: An orthonormal set is a linearly independent set.

Theorem 2.3: The subspace spanned by a non-empty set S of a vector space V is the set of
all linear combinations of elements of S.

Definition: If S, So, ..., Sy are subsets of a vector space V, the set of all sums
o+ +og
where o; € 5; is called the sum of the subsets 51, S2,..., Si and is denoted by
S1+ 82+ -+ Sk

or

S;.

k
=1

J



Proposition: If Wy, W5, ..., W,, are subspaces of V' then Wy + W5 + -- -+ W, is the subspace
spanned by Wy U Wy --- U W,.

Definitions: If A € F™*" then the row vectors of A are the elements of F™ given by
pi = (Ai1,. .., Ain)
while the column vectors of A are the elements of '™ given by
kj=(A1j,..., Amj)

The row space of A is the subspace spanned by the row vectors of A, and the column
space of A is the subspace spanned by the column vectors of A.



