MthStat 465, Spring 2005, Lecture Number 23
Unbiased Estimates

A fundamental aim of statistics is to use data to determine an appropriate proba-
bility model. For example, if the random variables Ry, R, ..., Ry are to represent
the heights of tomato plants, ideally we would like to know what the distribution
function is for each of these random variables, for then we could compute the ex-
pected value of each random variable, the variance, and so forth, and then make
predictions about the heights of future tomato plants.

If we are less greedy, we could simply try to say what the mean of this distribution
is, or perhaps what the variance is.

In general, we say that a random variable R is an unbiased estimate of the
quantity a if E[R] = a. In what follows, we will assume that the random variables
R are independent and all have the same distribution function F'. Futhermore, we
assume that each random variable has expected value equal to p (u for mean) and
standard deviation ¢ (o for standard deviation). We would like to find unbiased
estimates of p and o2.

0.1. Some terminology. In the set up we have here, the theoretical quantities
are described as being those of the population, and the quantities derived from
the data are described as those of the sample. Thus the distribution of the Ry
is called the population distribution, y is called the population mean, and o is
called the population standard deviation, while T and s are called the sample
mean and sample standard deviation respectively.

0.2. The minimum variance linear unbiased estimate of the population
mean, u. Let us look at p first. A reasonable idea would be the use the average
of the data, that is

m(Ry,...,Ry) = Nﬁl(Rl +---+ Rn).

Since we know that the expected value of a sum is the sum of the expected values
and that expected values scale,

Em(R4,...,Rn)] = N 'E[R4]+---+E[Rn])
= N Y(Np)
=
so the obvious guess gives us an unbiased estimate. However, suppose that we

have some constants a; and we look at a1 Ry + -- -+ an Ry as a potential unbiased
estimate of p:

E[a1R1 + -+ aNRN] = alE[Rl] +---+ aNE[RN]
= alu+...+aN'u
= (a1 +-+an)p

We see that it is an unbiased estimate so long as a1 + --- + ay = 1. This is true,

for example, when a; = -+ = ay = 1/N. Why, then, do we use m(R1,...,Ry).

The answer is that m(Ry, ..., Ry) has the lowest variance. Observe that since the
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Rj, are independent with common standard deviation o we have

Var[a;Ry + .- +anRn] = Var[a;Rq] + -+ + Var[ayRy]
= ajVar[R4] + - + a§ Var[Ry]

= (ai+---+aj)o”

It can be shown that if a3 + -+ ay = 1 then a + --- + a% > 1/N, and that
equality holds if and only if a; = --- = ay = 1/N. Here is a simple derivation of
this fact. Put ay = (1/N) + Aj. Then

1 = a1+---+ay
= (IN)+ A+ +(1/N) + Ay
T+A +---+ Ay

so Ay + -+ An = 0. Therefore

(1/N)+ A1)+ + ((1/N) + An)?

(1/N)? + (2/N)A1 + A2 +--- + (1/N)* + (2/N)An + A%
N(/N)?+ (2/N)(A1+-- + An) + AT +--- + A
(1/N) + AT +---+ A%

2 2
a1+...+aN

Therefore a? + -+ + a3, > 1/N with equality if and only if A? +--- + A% = 0.
The latter occurs if and only if A; = --- = Ay = 0, that is, if and only if
aq :...:aNzl/N,

0.3. Linear unbiased estimates of the population variance, o2. We have
seen that the sample standard deviation of the data (r1,...,7ry) is defined by the
expression

s(r1,.-., ) :\/ﬁ((rl—f)2+-~-+(mv—r)2)

where 7 is the sample mean N~'(r; + --- + rx). A natural question is “Why
should we divide by N — 1 and not N?”. As we will see, the random variable
(s(Ry,...,Rx))? is an unbiased estimate of the population variance 2.

To see this, let R := N~*(R; + -+ + Ry). The random variable (R — R)?
measures how far Ry, is from R is the same way that (r, —7)? measures how far ry,
is from 7. In fact, the model says that we should imagine that there is some sample
point s in the sample space S so that rp = Rg(s) for each k =1,2,..., N.

We now do a little algebraic rearranging (that is what algebra was invented for!):

Ry-F = R, thn
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and this last expression is a sum of independent random variables. What is more,

ERx—R]=p—pu=0,so0
B[R —R)? = E[(Rx —R)? - (B[Rk — R))”
= Var[Ryx — R]

1 N
= Var <1—N)Rk+ Z

=1, j#k

_ <1;]>2Var[Rk]+ ZN: <Nl>2Var[Rj]

=1, j#k

() e (5

Therefore

N ;Rk_
- ﬁ,ﬁ;]ﬂ{mk—fiﬂ

1 N -1
= — N 2
N-1"" N °
= 0’2’
showing that (s(Ri,...,Ry))? is an unbiased estimate of the population variance
0%, Why is s(Ry,...,Ry) NOT an unbiased estimate of o?
Of course, (s(Ry,...,Rx))? is not the only unbiased estimate of o2. It is clear

that to find any estimator of o we will have to take products of the random
variables. Let A be an N x N matrix of real numbers, and define the estimator
G(le..fbv)by

N N
a(le.. 2::2:14$kB%B%.

j=1k=1

Since R; and Ry, are independent when j # k we have E[R;Ri] = p? when j # k.
On the other hand, 02 = Var[Ry] = E[RZ] — 12, so E[R?] = 02 + u?. Therefore

N N
Ela(Ry,....,Ry)] = DY Aj:BE[RRy]
j=1k=1
N N N
= ZAk,k(U2+M +Z Z A pi?
k=1 j=1k=1, k#j

N N N
= o2 (2{:‘4hk> +—u2 §£:j£:A4$k
k=1

j=1k=1
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so a(Ry,..., Ry) is an unbiased estimate of o2 so long as
N
Z Ak,k: =1
k=1
N N
YD Ak =0
j=1k=1

What matrix A gives us (s(Ry, ..., Rx))??



