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ABSTRACT. We define the expected value for all random variables, and give
two important theorems on the calculation of expected value.

1. INTRODUCTION

Expected value is most easily defined for simple random variables. Using this
definition, expected value is then defined for positive random variables and then
any random variable. We conclude with some theorems that allow us to compute
expected value in special cases.

2. SIMPLE RANDOM VARIABLES

Suppose that {Aq, Aa,..., Ax} is a partition of the sample space €2, that I; is
the indicator of the event A;, and that (a1, as,...an) is a sequence of real numbers.
Let

X=a1li +aslo+---+anIn.

As we know, X is called a simple random variable and has range {a;, as,...,an}.
We define the expected value of X, denoted by E[X], by

E[X] = a1 Pr(Al) + a2 PI‘(AQ) +---+an PY(AN)

Now for something a little subtle. There is no requirement that the values aq,
as ..., ay are different. Let {r1,r2,...,7p} be a listing of the distinct elements of
the range of X, that is r; # ry if j # k. Then it is easy to check that

EX]=rPr{w: X(w)=r})+ - +ruPr{{w: X(w) =rm}).

This shows that the expected value of X does not depend on which partition of §2
is chosen in the formula that gives X. This gives the important result:

Theorem 1. If X and Y are simple random variables, and a is a constant, then

E[aX + Y] = aE[X] + E[Y].

3. POSITIVE RANDOM VARIABLES

Suppose that X is any random variable whose range is contained in the non-
negative real numbers. We now will define its expected value. To do so, recall that
a set of real numbers, U, is said to be bounded if there is some real number M
so that if w € U then |u| < M. For example, the set of integers is not bounded,
but the set of rational numbers whose squares are less than 2 is bounded. If U is a
bounded set, then the least upper bound of U is the smallest number M that is
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an upper bound for U. It is a fact about the real numbers that every bounded set
has exactly one least upper bound.
Associate to X the set

U={E[Y]:0<Y <X and Y is a simple random variable}.

If U is a bounded set, we define E[X] to be the least upper bound of U. If U is not
a bounded set, then the expected value of X cannot be defined.

This construction is a generalization of the idea of integration that you studied
in calculus. Observe that if X is a simple random variable itself, then we get the
same value for E[X] as in the previous section.

4. GENERAL RANDOM VARIABLES

If u is a real number, define the positive part of wu, denote ut by ut =
(lu| + w)/2, and the negative part of wu, denoted u~ by u~ = (|u] — u)/2.
Observe that vt >0, v~ >0, and u = u* — u~. If X is any random variable and
E[X™] and E[X~] are defined, then we define E[X] = E[X*T] — E[X~].

5. THREE IMPORTANT THEOREMS

Theorem 2. IfE[X] and E[Y] are defined, and a is a real number, then E[aX+Y] =
aBE[X] + E[Y].
As application of this theorem, notice that since (X — E[X])? = X2 — 2E[X]- X +
(EX])?,
Var[X] := E[(X — E[X])?] = E[X? - 2E[X] - X + (E[X])?] = E[X?] — (E[X])%.
Theorem 3. If X is a discrete random variable with range R, and g is a function
defined on the range of X such that g(X) is a random variable and

Z lg(M)| Pr({w : X(w) =1}) < o0,
rcR
then
Elg(X)] =) g(r) Pr({w : X(w) =1}).
reR

Theorem 4. If X is an absolutely continuous random variable with range R and
density f, and g is a function defined on the range of X such that g(X) is a random
variable and

[ l9(r)| - £(r) dr < oo,
then

Elg(X)] = / ~ a(0) - () dr.
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Note that these theorems can be applied with g(r) = r to yield formulae for E[X]
itself.



