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1. INTRODUCTION

Step by step instructions for solving a constant coefficient linear system of dif-
ferential equations if the set of eigenvectors of the coefficient matrix forms a basis.

2. THE PROBLEM

Assume 7 : R — R" and § : R — R" are vectors of functions, and M is an
n X n matrix of real numbers. Assume that Z(0) and g(t) are given, and

(1) %f(t) + MZ(t) = §(t).

In addition (this is a big assumption, and not always satisfied), assume that there
is a basis of R™ consisting of eigenvectors of M. The following steps will lead to a
solution of (1).

We will illustrate the general method with this example as we go along:
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and 1(0) = —2, 25(0) = 2.

3. STEP 1: FIND THE EIGENVALUE/EIGENVECTOR PAIRS FOR M.
Label the eigenvalue/eigenvector pairs (s1, 1), (S2,72), .-, (Sn, Un), S0 we have
(3) M’U_]; = Skq_)'k.

In the example, the characteristic polynomial is p(t) = (t —2)(t —4) — 3 =
(t—1)(t —5), giving eigenvalues of 1 and 5. An eigenvector for 1 is [—3,1]* and for
5 we can use [1,1]":
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4. STEP 2: CONVERT ALL THE VECTORS TO LINEAR COMBINATIONS OF

EIGENVECTORS
Since we have a basis of eigenvectors, there are functions f1, fo, ..., f, so that
(4) Z(t) = fr(t)vr + fo(t)V2 + -+ fu(t)n,

functions h1, ha, ..., h, so that

(5) G(t) = hi(t)v1 + ha(t)v2 + - - - by () U,
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and scalars functions vy, ys, . .., y, so that
(6) Z(0) = Y101 + Y20 + -+ - YnUn.

The functions hq(t), ha(t), ..., hy(t) and the scalars y1,yo, . . ., y, have to be solved
for from the given components of § and Z(0) respectively, and (5) and (6).
In our example we have

[ 28 - fi(t) { _13 } + fa(t) { 1 }
1
1

ity ] - o[ omo 1]

271 [=0)] -3 1
] W]
Solving the set of equations for hq(t) and ho(t) gives hyi(t) = (sin(f) — t)/4 and

ha(t) = (3sin(t) + t)/4. Solving the equations for y; and y» gives y; = 1 and
y2 = 1, so we have

(3sin(t) + ) { ' }

5. STEP 3: SUBSTITUTE THE EIGENVECTOR REPRESENTATIONS INTO THE
DIFFERENTIAL EQUATION AND SIMPLIFY

We now substitute (5) and (6) into the differential equation (1) and use the
eigenvalue/eigenvector property to simplify:

af(t) = [T+ fo(t)02 + -+ fr, ()T
MiE(t) = fi(t)Mvy + fo(t)MVy + -+ fru(t) M,
= s1filt)01 + s1fi(t)v1 + - + s1f1(t)
GO = ha(O)F+ h2(0)Ts 4+ + hn(0)F

so (1) becomes

(f1(8) + s1f1(0) 01 + (f2(8) + s2f2(£)) T2 + -+ + (1 (F) + 50 fu (1)) T
= ")t + he ()2 + -+ + hn ()0,
or, collecting like terms:

(f1(t) + s1f1(t) — ha(8)T1 4+ (fo(t) + s2.f2(t) — ha(t)) Vs
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Since the eigenvectors are linearly independent, we have
fit) +sifi(t) — () = 0
f5(t) + s2f2(t) — ha(t) 0

fo(®) + snfult) — hn(t) 0

Furthermore, plugging ¢ = 0 into (5) and comparing with (6) shows us that
fi(0) +s1f1(t) —ha(t) = wn
f2(0) + safa(t) —hao(t) =

fn(0)+snfn(t)_hn(t) = Yn

In terms of our example, the differential equation (1) becomes
o] 30| 1]
LA | Rl R 1
= i(sin(t) —1) [ 713 ] + i(?)sin(t) +1) [
Using that the vectors are eigenvectors for the matrix,
no| 30| 1]
A [ B } +55(0) [ ! ] - i(sin(t)—t) { ; } +i(3sin(t)+t)[
and collecting like terms,
10+ A0 - i) —0) | |+ 50+ R0 - jesn0 o) | ]

Finally, f1(0) =1 and f2(0) = 1.



