Integration

1 Area and average value

We have seen that there is a connection between the area under the graph of y = f(z) and the
antiderivatives of f, but our considerations were limited somewhat by being able to consider only
positive monotone functions. We will now approach the problem from a somewhat different direction.

Consider first that y = f(¢) where f(t) represents the temperature of an object (the official
thermometer at Mitchell Airport, for example) at time ¢. What would we mean by the average
temperature, F, over the period ¢ € [0,1]? One reasonable interpretation would be the following.
Sample the temperature at times t; given by
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for some large positive integer IV and then average in the usual way to get

Fy=N""(f(to) + f(t1) + -+ f(tn-1))

Fy = N7 (f(t) + f(t2) + -+ f(tn)) .

One then might let N tend to infinity if one had a formula for f(t) to see if one gets some sort of
limit.
If we were to rewrite our expression for Fiy as

Fy = f(0) g + f(t2) e+ + fltw) 3

N N
we could re-interpret each term as the area of a rectangle extending from the t-axis to the graph of
y = f(t), and then interpret Fiy as an estimate of the area below the graph of y = f(¢) from t = 0
to t = 1, so we see that the problem of finding the area under a graph and of finding the average
value of a function are strongly related. Let us look at two examples of computing area from this
averaging point of view.

1.1 y=exp(x)

Since f(x) = exp(x) is an increasing continuous function we expect that the area between its graph,
above the axis and between any to vertical lines can be found by antidifferentiating. If we let A(x)
denote the area between the vertical lines through (0,0) and (z,0) we expect that A(z) = exp(z) —1
since any antiderivative of exp(z) has the form exp(x) + C' and we need A(0) = 0. Let us try this
second approach. Set x = a and divide the interval [0, a] into N subintervals of width a/N. The
endpoints of these intervals, in ascending order are
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For j € {0,1,2,..., N — 1} the expression
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represents the area of a rectangle with vertices at
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Each such rectangle lies on or below the graph of y = exp(x) so the total of their areas is less than
or equal to the area in question. Recall that exp(jz) = (exp(x))? for any integer j, so with

r = exp(a/N)



we have 7V = exp(a) and
v o=y tyew(y) £ e () ok pee (Vo)
= % 1+exp(%)—i—exp(?%)+---+exp<(N—1)N))
=y (e (§) (e (@) o (e (7))
= %(1—}—7"—1—7“2—1— +7”N71>
_ g?‘N—l
- Nor-1
a exp(a)—1

N exp(a/N) —1°
Letting h = a/N we have
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Thus we may conclude that
lim Ly =exp(a)—1

as expected.
On the other hand, we could have overestimated the same area by considering rectangles with
vertices
a a
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The area of this rectangle is
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so an overestimate of the area in question is given by

Uy = %exp (%) —I—%exp (2%) +'~-—|—%exp (N%)

so we see that
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as well. The fact that if one of Ly and Uy has a limit then the other has the same limit is due

entirely to the fact that exp is monotone, so we will have this same equality for this area computation

for all monotone functions. We use this in our next example.

N, U = i B = o, el =t

1.2 y=2a?
We want to repeat the preceding computation replacing exp(r) with z2. We expect to get that the
area is 1
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for any a > 0. This time we will begin with Uy:
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We then see that

as we expected. Since z° is increasing on [0, a] we have
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as well, confirming that the area function really is a®/3 for a > 0.

2 Monotone Functions with Antiderivatives

Suppose now that f is a nondecreasing function on [a,b] and f = F’. Assume that F' is continuous
at a and at b. Let N be any positive integer and define

b—a
tr=a+k N
Observe that
' 4 b—a
k1 = e =
for any value of k. What is more, according to the mean value theorem, for each k € {0,1,...,N—1}
we have .
—a
F(trsr) = Fte) = flsr)(trerr — te) = fsx)
for some sy, € (tg,txr1). Since f is non-decreasing we have
b—a b—a b—a
t < < f(t
Ftr)—— < flsk) N < ftk+1) N
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f(t < F(t — F(t) < f(t
( k) N = ( k+1) ( k) = f( k+1) N
If as in our examples we put

bJ—Va +f(t1)b—a +"'+f(tN71)b]_Va
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Ly = f(to)

=

Unv = f(t)

=

we have
Ly < (F(t1) = F(to)) + (F(t2) = F(t1)) +--- + (F(ty) — F(tn-1)) < Un.

Most of the terms in the middle sum subtract away, and, recalling that ¢y = a and ¢y = b we have
Ly < F(b) — F(a) < Uy.
Now, subtracting Ly gives

(f(b) = f(a))(b —a)
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so by the Pinching Principle,
lim Ly = F(b) — F(a)

N —o0
and
lim Uy = J\}im Ly = F(b) — F(a).

N—o0

A similar calculation holds if f is non-increasing. We summarize our findings as follows.

Theorem 1 (Fundamental Theorem of Calculus for Monotone Derivatives) Suppose that
F is continuous on [a,b], that f is a monotone function on [a,b] and F'(z) = f(z) for z € (a,b).
Let N be any positive integer and put

ty, = a—|—kb;\7a

b—a b—a b—a
Ly = f(to) N + f(t1) N +"'+f(tN—1)T
Uv = Jl0) 3+ f0) 4 (i)

Then
lim Ly = ]\;im Uy = F(b) — F(a).
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3 The Definition the Definite Integral

In order to make precise the preceding discussion will take some doing. Suppose that f is a function
that is bounded on an closed interval [a, b], and that N is a positive integer. Since f is bounded, we
know that there are constants M and m so that m < f(z) < M for any = € [a,b].

Before we begin, some new terminology. A synomym for least upper bound is supremum,
abbreviated sup, and a synonym for greatest lower bound is infimum, abbreviated inf.

A partition, P, of [a, ] is a finite non-decreasing sequence py, k € {0,1,..., N} with pg = a and
py = b. Given a partition P, for each n € {0,1,..., N — 1} define

n = inf <M
m an;I%PnJrl{f(x)} -
M, = sup  {f(x)} >m.
Prn<z<pni1
For example, if [a,b] = [0,1] and f(z) is non-decreasing, we might take p, = n/N and then we would

have m,, = f(n/N) and M, = f((n+1)/N).
Next, given a partition P define two sums:

L(f,P) = mo(p1—po)+mi(pz —p1) + - +mn_1(pn —PN-1)
N-1
= Z mp (pn—H - pn)
n=0
< M(b—a)
U(f,P) = Moy(p1—po)+ Mi(pz —p1)+--+ My_1(py —Pn-1)
N—-1
= Z Mn (anrl - pn)
n=0
> m(b—a)

Continuing our example:

L(f, P)
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We have observed in our examples that increasing the number of points in our partition seems to
increase the accuracy of our sums. To make this observation concrete, we introduce a new concept.
Recalling that a partition is a function, we say that the partition @ is a refinement of the partition
P if the range of P is contained in the range of Q. For example, if the interval is [0,1] and P is the
partition k/4, k € {0,1,2,3,4} then the partition @ given by k/8, k € {0,1,2,...,8} is a refinement
of P, but the partition given by k/6, k € {0,1,...,6} is not a refinement of P. The important fact
about refinements is

Proposition 1 If Q is a refinement of P then

L(f,P) < L(f,Q) <U(f,Q) < U(f, P).
Furthermore, if P and R are any partitions of [a,b] then

L(f,P) <U(f,R).

Reason: The second assertion follows from the first by observing that if P and R are any partitions
of [a, b] then we can construct a partition () whose range is the union of the range of P and the range
of R. Then (@ is a refinement both of P and of R.

To prove the first assertion observe that is sufficient to consider the case where the range of )
has one more element than the range of P. For this to be true we must have a < b.

Suppose the points in P are given by the sequence pg, k € {0,1,..., N} and the points in Q are
given by the sequence gy, k € {0,1,..., N + 1}. Let ¢ be the element of the range of @) that is not
in the range of P. We know that ¢ € (a,b), so for some positive integers n and m we have

Pn—1=qm-1 <49 =0qm < dm+1 = Pn-

In other words,

[Qm—la Q] U [qa Q7n+1] = [pn—lapn]
Observe that
o {f@)} < qm,ifgxgq{f@};
pouf W@y < jf U@k
sup  {f(x)} > sup  {f(2)}
Pn—1<2<pn gm—-1<z<q
sup  {f(x)} > sup  {f(2)}.
Pn—1<2<pn q<r<qgm+1
Therefore
LEQ-LUP) < inf_ (f@}a—an-)+ it {F@)}amir —0)
- pn,lgigfgpn,+l{f(x)}(p"+l — Dn—-1)
= (U@ - bt @) @ )
#( ol V@Y= @) - a)
> 0
and

Uf,Q)-U(f,P) < sup {f(@)Hg—gm-1)+ sup  {f(®)}(gm+1 —q)

gm—-1<2<q quSQ7n+1
- sup  {f(@)}(Pnt1 —Pn-1)

Pn—1<T<Pnt1
gm-1<z<q Pn—1<T<pn+1

= ( sup  {f(z)} - sup {f(x)}> (¢ — gm-1)

q<z<qm+1 Prn—1<T<pn+1

+ ( sup  {f(z)} — sup {f(w)}> (gm+1 —q)
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This what we needed to show. QED
Put

b
/ f(z)dx = sup{L(f, P), P a partition of [a,b]}

b
/ f(z)dx = inf{U(f,R), R a partition of [a,b]}

These quantities are called the lower integral and upper integral of f on [a,b].
It follows from Proposition 1 that for any partition R, U(f, R) is an upper bound for
{L(f,P), P a partition of [a,b]} and for any partition P L(f, P) is a lower bound for
{U(f,R), R a partition of [a,b]}, so the lower integral of f on [a,b] cannot be larger than the upper
integral of f on [a,b]. If the upper and lower integrals coincide, then the common value is called the
integral of f on [a,b] and is denoted by
b
/ f(x) dz.

The symbol x can be replaced by any other symbol, so we may write

/a ' fw) dy

f(x) dx.

[a,b]

for example. Occasionally you may see

4 The change of variables formula

It is clear that some integrals are easier to evaluate than others. The change of variables formula
tells us when two integrals are equal. It is the analog of the chain rule. We will give a formulation
that is not quite the most general.

Theorem 2 (Change of Variables Theorem) Suppose that u' is continuous on [a,b|, that u is
non-decreasing, and that f is continuous on [u(a),u(b)]. Then

u(b) b
dy = u(x))' (z) de.
/u(a)f(y)y | @)

Why is this true? Let P be a partition of [a,b]. This means we have
a=po<p1<--<pn-1<pNy=b

Put gr = u(pr). Then the sequence @ given by (qo,q1,...,qn) is a partition of [u(a),u(b)]. Since
f is continuous on [u(a),u(b)] it is integrable there, and f(u(x))u'(z) is continuous on [a,b] so it
is integrable there. Applying the mean value theorem to w on [pk,pr+1] says that there is some
¢k € (pk, Pr+1) so that

Qo1 — Gk = w(pr41) — ulpr) = ' (ck) (Prt+1 — Pr)

Put yx = u(cy) to get
Fyk) (qer — a) = f(uler))u' (cr) (Prr1 — Pr)
Summing on k we have

N—-1 N-1
> Fr) (arer —ae) = D, fuler))v! (ci) (ri1 — pr)-
k=0 k=0

Letting N — oo on each side gives

u(b) b
dy = w(z)u' (x) dx
L(a)f(y)y /af(()) ()

as desired. QED



