Derivatives

We have considered many examples of limits of expressions of the form

f(z) = f(a)
fla+h) - f(a)
h

as = approaches a in the former case and as h approaches 0 in the latter case. For a given function
f and a given value a we know that the existence of one of these limits implies the existence of the
other. We make the following definition:

Suppose that the limit as x approaches a of the expression (f(z) — f(a))/(x — a) exists. This
limit is called the derivative of f at a and will be denoted by f’(a). If f has a derivative at a we
will day that f is differentiable at a. In terms of limit notation:

f(z) = f(a)

f'(a) = lim
r—a T —a
1oy g dath) = fla)
e

Note also that to say that f has a derivative at a is the same thing as saying that the function whose
rule is (f(z) — f(a))/z — a has a removable discontinuity at = a.

We have already investigated the derivative of many functions. We will list them here for refer-
ence.

Power functions: If f(x) = 2", # > 0 and 7 a positive rational number, then f/(a) = ra"~!.
Sine and cosine: We have seen that
e sin’(a) = cos(a);
e cos'(a) = —sin(a).
Log and exponential functions: We have also seen that
e exp/(a) = exp(a);
e In'(a)=a"tifa>0.
It is clear from our theorems about limits of sums that

Theorem 1 (Sum Formula) If f and g are differentiable at a and c is a constant then the deriva-
tive of f(x) + cg(x) at v = a is f'(a) + cg'(a).

For example we can differentiate any polynomial:

f(z) =22* — 3z +2 f'(a)=4a -3
f(z) =523 — 72 +2 f'(a) = 15a® — 14a

1 The Interpretations of the Derivative

There are three major interpretations of the derivative.

1.1 The instantaneous rate of change of a function

Since the variable ¢ brings to mind time, suppose that Q(t) represents a quantity that varies with
time. This could be position, velocity, momentum, mass, volume, temperature, or a myriad of other
possibilities. The expression

Q(t) — Q(a)

t—a
represents the average rate of change of @) between times ¢ and a. Thus Q’(a) is considered to be
the instantaneous rate of change of (). In physics, the following instantaneous rates of change
have special significance:



Velocity: The instantaneous rate of change of position is called velocity (not speed). The magni-
tude of velocity is called speed.

Acceleration: The instantaneous rate of change of velocity is called acceleration.

Force: Momentum is the product of velocity and mass. The instantaneous rate of change of mo-
mentum is called force. It is possible for both mass and velocity to be changing at the same
time, as when a rocket is burning off its fuel. For this reason we will want to know how to
compute the instantaneous rate of change of the product of two functions.

1.2 Tangent lines

If we consider the graph equation y = f(z) we may interpret the derivative as the slope of the line
tangent to this graph at the point (a, f(a)). To justify this, consider two distinct points (z, f(z))
and (a, f(a)) lying on this graph. The quantity

f(z) = f(a)

r—a

is the slope of the line joining the points (z, f(x)) and (a, f(a)). It seems that the closer z is to a
the more that this line looks tangent to y = f(x).

Further evidence that we have a correct interpretation of the derivative as slope of a tangent line
comes from cases where we can compute this slope directly. We have shown on the homework that

e If y = 22 then the line y — a? = 2a(z — a) is tangent to y = z? at the point (a, a?);

o If y = 1/z for z > a then the line y —a~! = —(z — a)/a® is tangent to y = 1/x at the point

(a,a™");

by showing algebraically that in both cases the graph of the curve lies over the graph of the line. In
addition, if we consider the upper semi-circle y = v/1 — 22 and —1 < a < 1 then the equation of the
line tangent to the semi-circle at the point (a,v1 — a?) is

y—ﬂ=——w(w—a)

since we know that the tangent to a circle is perpendicular to the radius at th the point of tangency.
On the other hand we can compute the derivative in each case:

2 _ 2
lim =~ = lim xz +a = 2a
r—a I — Q Tr—a
1 —(1 — 1
i W) = fa) oy amw 1
z—a T—a z—a az(r — a) a?
. V1—22—V1-a? , (1—2%) —(1-a?
lim = lim
t—a T—a z—a (/1 — 22+ /1 —a?)(z — a)
a2 — 22
= lim
z—a (/1 — 22+ /1 —a?)(z — a)
. z+a a
= lim — =

= VI—a24V1-a2  VJI-a

and in each case we get the slope of the tangent line that we had computed earlier.

1.3 Best linear approximation

We say that a function of the form L(z) = m(z —a) + f(a) is a linear approximation of f(z) near
the point = a. We recognize that the graph of y = L(z) is the graph of a line passing through the
point (a, f(a). If we want to measure how good this approximation is, one way to do is to measure
the relative error we make by using this approximation when x is near to a:

f(x) — L(x)

r—a



and see how this relative error behaves as x approaches a. In the case where f is differentiable at a
we have

lim M = lim

T—a Tr—a T—a T —a T—a

f(:c) 7m($*a) 7f(a) = lim (‘M m) :f’(a)*m-

r—a

It is clear then that if m = f’(a) then the limiting relative error is 0. For this reason we say that
the the linear function L(z) = f'(a)(z — a) + f(a) is the best linear approximation of f near a.
Geometrically this is saying that the tangent line is the line which best approximates the graph of
y = f(x) near to (a, f(a)). For example, if f(x) = sin(x) then the best linear approximation to
sin(x) near to x = 7/6 is

L(z) = cos(n/6) (x — %) + sin(7/6) = ? (m — %) + %

As another example, recall that if f(z) = '/2 then f’(a) = (1/2)a~'/2. Therefore the best linear
approximation to \/z near x =4 is

1
L(z) = f'(4) (@ —4) + Vi= J(z —4) +2.
For example, a good approximation to 1/4.01 would be
1
L(4.01) = 1(4.01 —4) 4+ 2 = 2.0025.

In fact, (2.0025)% = 4.01000625 and to ten decimal places, v/4.01 ~ 2.002498439.

A useful generalization of this comes from considering f(x) = (1 + )" where r is any rational
number. We will see that f’(z) = r(1 +2)"~! so a good approximation to (1 + z)" is 1 + rz when
|| is small.

2 Composite Functions

If the range of a function f is contained in the domain of a function g then we may create a new
function called the composition of g with f, denoted by g o f. The domain of this function is the
domain of f and the value of this function at a is g(f(a)), that is, (g o f)(a) = g(f(a)).

Theorem 2 (Limits of Composites) If
lim f(x)

then
lim g(f(2)) = L.

If
lim f(z) = M

xr—00

Jim g(z) =

b(

then
lim g(f(x)) = L.

Tr— 00

In particular, if f is continuous at a and g is continuous at f(a) then g(f(x)) is continuous at a.

Reason: We consider the finite limit case first. The other case is similar and its demonstration is
left to the reader.

Suppose that ¢ > 0. We proceed in two steps. First there is some df so that if 0 < |y — M| < df
then y is in the domain of g and |g(y) — L| < t. Second, there is some df so that if 0 < |z —a| < df
then z is in the domain of f and |f(z) — M| < d?. Therefore, if 0 < |z — a| < df then f(z) is in the
domain of g and |g(f(x)) — L| < t as desired. QED



2.1 Applications

Theorem 3 (The Chain Rule for Derivatives) Suppose that f is differentiable at a and g is
differentiable at f(a). Then

e f is continuous at a;
e go f is differentiable at a and (go f)'(a) = ¢'(f(a)) x f'(a).
Reason: In terms of the the definition of derivative we are saying the following. Suppose that

o f@ =1
r—a r—a

g(y) — g(f(a))
y—rf@ y— fla)

Then
ill}T(ll fx) = f(a)
i g(f(x)) — g(f(a)) — LM.

Solution: Observe that if  # a then

Fla) = F(@) + 1) ~ f(a) = fla) + (@ — ) DI
tim f(@) = lim £(a) + (x — )22 pay p0xn = g,

so f(z) is continuous at x = a.
Next, define a new function G by

if y+# f(a)
M if y=f(a)
Our assumption is that G(y) is continuous at y = f(a). Now define another function H(z) = G(f(x)).

Since f(x) is continuous at = a and G(y) is continuous at y = f(a) we know that H(z) is continuous
at © = a and H(a) = M. We are done once we believe that

H(n @ 1@ _ (i) ~9(f(a))

r—a T—a
since the limit of the left hand side of this equation as x approaches a is M x L.
Neither side of this equation is defined for = a, and if f(x) = f(a) but  # a then both sides
equal 0. Finally, if z # a and f(z) # f(a) then

H(a:)f(x) —fla) _ 9(f(z)) —g(f(a)) f(z) = fla) _ g(f(x)) —g(f(a))
T—a f(z) — f(a) r—a T—a ’

which wraps up the argument. QED

As a consequence of this application, we know that the natural exponential function, the natural
logarithm function, the circular trigonometric functions and the rational power functions are all
continuous.

3 A New Notation

If we want to denote the action of computing the derivative, we will use the symbol



For example we will write

il - 9
dxx T
Dexplt) = exp(t)
7 Xp = exp
d /
d—yf (y) f(y)
and so forth. We will also use
Lo
—(a
dxr

as a synonym for f’(a) if we are thinking of f as a function of x.

4 Using the Chain Rule

First, recall that if f(z) = 22 then f’(a) = 2a. Using this and the Chain Rule we can get a formula
for the derivative of the product of two differentiable functions. Once we show that if f(z) = 1/x
then f’(a) = —1/a® we will be able to differentiate quotients as well.

4.1 The Product Rule

Theorem 4 (Product Rule) Suppose that f and g are differentiable at a. Then (f - g)'(a) =
fla)g'(a) + f'(a)g(a).
Reason: First we show that (f - f)'(a) = 2f(a)f’(a). This follows from the Chain Rule since

(f - f)(x) = (f(x))? is the composition of the squaring function and f. So, let S(y) = y? and
S'(y) = 2y, so that (f(x))? = S(f(z)) and we have
d d
(@) = =S(f(@) = §'(f(2))f'(z) = 2f (@) f' ().
Now we will use the polarization identity again:
F)g(e) = (@) + 9(2))? — {(F(2) — 9(a))?
We then have

L@ @) = S0+ 9@ + (@)
= U@ + 9@ @)+ 1@ (@) + o()g @)
L@ 9@ = L)o@ (@)~ o @)
= U@ - 9@ @)~ [ (@) + o()g' @)
U@ ge) = (U@ + @) - {07 - g)?)
= U@+ @) — () g(a)?
= U@ @) + 9@ @) + @) () + g(2)g' (@)

For example,
% (zln(z)) = 1ln(z)+z(l/z) =In(z)+1

% (sin(z)exp(z)) = cos(z)exp(x) + sin(x) exp(x) = exp(z)(cos(x) + sin(z))



4.2 Quotients
Theorem 5 (Quotient Rule) If f and g are differentiable at a and g(a) # 0 then

Y Plaga) - fa)d(a)
(5) (a)= oa)?

Reason: We proceed in two steps. First, let R(x) = 1/z, the reciprocal function. Then

-1
R'(a) = lim R(x) — R(a)z — a lim a — z(az)(z — a) = —
r—a r—a a
(This calculation should be familiar by now, and shows that the power rule holds for r = —1.)

Now we can apply the Chain Rule and the Product Rule together to differentiate f(x)/g(x) =
f(x) - R(x):

%% = %f(x)'R(g(:c))=f’(x)R(g(a:))+f(x)%R(x)
S A1) RNV i1 C) B SR
= T + f(x) R (g(x))g' (x) o(2) + £ )(g(x))Qg( )
f'(@)g(x) — f(2)g'(x)
(9())?
For example
@ on(s) — d sin(z) _ cos(x) cos(z) — sin(z)(—sin(z)) _ 1 (e
dl‘t (@) dx cos(z) cos?(z) c0s?(2) (x).

Application: Sketching a graph of y = /(1 + 22) reveals that the horizontal asymptote is y = 0
and (0,0) is on the graph. Since the function f(z) = x/(1+ 2?) is not constantly equal to 0, it would
appear that there should be at least two horizontal tangent lines to its graph. Find their locations.
Solution: We need to find where the derivative of the function we are graphing is 0.

d = 11+ 2?) — z(22) 1—a?

de 1422 (1+a2)? (14 22)2

which is 0 at x = 1 and = = —1, giving us the points (1,1/2) and (—1,—-1/2).

5 The derivative as a new function, and the second derivative

It has probably occured to you, or at least to your subconscious, that given a function f we have
created a new function f’ by the rule

f/(x):%%f(x+h]i_f(w)

For example, if f(x) = 42% + 222 — 92 + 11 then f’(z) = 1222 + 42 — 9. It may be the case, as it is
in this example, that f’ itself has a derivative. We call the derivative of the derivative the second
derivative, and denote it either with two primes, f”, or by

d2
pEat)
5.1 Application: Hooke’s law and Acceleration

The natural application of the second derivative is in physics. If p(¢) is the position of an object at
time ¢, v(¢) is its velocity and a(t) is its acceleration then we have

o(t) = p'(t)
a(t) = V()



from which it is clear that a(t) = p”(t), that is, the acceleration is the second derivative of the
position. From this we see, for example, that if p(t) = —4.9t? + 30t + 12 meters at time ¢ seconds,
then

v(t) = p'(t) = —9.8t + 30 meters per second
a(t) = '(t) =p"(t) = —9.8 meters per second per second

Hooke’s Law says that the force exerted by a spring that has been stretched a distance p(t) is
proportional to p(t). Since this force acts in the direction opposite to p(t), we write this as

Fspring(ﬁ) = _kp<t) (1)

where k > 0 is called the spring constant. If the units for force are newtons and the units for
distance are meters, then the units for k are newtons per meter. Since we know that for a constant
mass, force is mass times acceleration we may write (1) as

Y1) = (). )

Now, it is clear that oscillatory behavior can be described by the sine and cosine functions, and we
know that

sin”(t) = cos'(t) = —sin(t)
cos”(t) = —sin'(t) = —cos(t)

so it should come as no surprise that if we define

- s[5 o 5

where A and B are constants, then

Ao = Lo

and

V) = o)



= —AE cos <\/ Et) + —BE sin <\/ Et)
m m m m

= —%p(t)

For example, suppose we know that k = 8 Newtons per meter, and m = 2 kilograms. In addition,
we have p(0) = 3 meters and p’(0) = 7 meters per second. Then

() = —4p(t)
p(0) = 3
pO) = 7

If we have any function of ¢ of the form f(at) where a is a constant, it follows from the chain rule
that each application of differentiation produces a factor of a. Since 4 = 22, it would appear that we
want to have

p(t) = Acos(2t) + Bsin(2t)

for some choice of A and B. To see if we are right, note that

p'(t) = —Asin(2t)-2+ Beos(2t) -2 = —2Asin(2t) + 2B cos(2t)

p’(t) = —2Acos(2t)-2—2Bsin(2t)-2 = —4Acos(2t) — 4Bsin(2t) = —4p(t)
as desired. Now, to determine A and B notice that

3 = p(0)=Acos(0)+ Bsin(0) = A
= p'(0) = —2Asin(0) + 2B cos(0) = 2B
so A=3, B="7/2 and
7
p(t) = 3cos(2t) + 5 sin(2t).

6 Implicit Differentiation

Consider the equation
(@ —y* = D(z —y)(z +y) =0.
This is satisfied by any point (a,b) lying on one of the following graphs:

e The circle with radius 1 centered at the origin: z2 + y? = 1;
e The line with slope one passing through the origin: y = x;
e The line with slope negative one passing through the origin: y = —x.

The graph of this equation is the union of this circle and the two lines, and is, therefore, not the
graph of a function (check this via the vertical line test). It is, however, made of graphs of the
following four functions:

a(x) = x, r any real number;

b(x) = —z, x any real number;
o c(x)=+vV1—-22, -1<z<1;
e dx)=—V1—-22 -1<2<1.

and it seems reasonable to ask that any any point (a,b) that belongs to exactly one of these functions
that there be a derivative. For example, (1,1) lies only on the graph of y = a(z) = z and the
derivative at x =1 is 1.

Now, all of this seems quite clear because we have nicely factored the expression giving our
equation. However, if the expression were multiplied out to give

)=
)=

eyt — 2?2442 =0



it would be hard to see what is happening graphically.

The method of implicit differentiation tells us how to find the derivative in such situations (if
there is a derivative to be found). The idea is to assume that y is a differentiable function of x and
apply the chain rule, quotient rule, product rule, and so forth, to compute the derivative of both the
left and right sides of the equation in question as if x were the independent variable. In the case at
hand we get

4o — dyPy — 20 4+ 2y’ =0 (3)

Now, if we have a point in mind, for example (z,y) = (1,1), we substitute these values into (3) and
get an equation for y':
4—4y —24+2y =0

so ¢y’ = 1. Note that if we pick a point that is on the graphs of two or more functions at the same
time, such as (1/v/2,1/4/2) then we get no information about y':

4 422
0v2 2v2Y T2 2

which reduces to 0 = 0, or an nonsensical equation, such as when we pick the point (1,0):

y' =0

4—0y —2+0y' =0

which says 2 and 0 are equal.

Here is another example where it is not too hard to see the graph: y? = (x + 1)(z — 1)?, or,
y? — (z 4+ 1)(z — 1)2 = 0. It is not hard to see that x > —1 is required here. At the point (3, —4) we
can find y':

2uy — (z—1)2 =2z +1)(z—1) =
-8 —4-16 =

o O

soy = —2/5.

An example from College Algebra. You learned that any equation of the form Ax?+ Bxy+ Cy? +
Dz + Ey+ F = 0 had a graph that was either empty, a point, one or two lines or a conic section. We
can now find the equations of tangent lines to such graphs using implicit differentiation. Consider,
for example, 422 + 32y + 8y* — 2o — 5y — 8 = 0. Let us find the equation of the tangent line at (1,1).
We have

8x 43y +3zy +16yy —2—-5y = 0
8+34+3y +16y —2—-5y = 0

so 9+ 14y’ = 0, giving us ¥’ = —9/14. This means an equation for the tangent line at (1,1) is
y—1=—(9/14)(xz — 1).

An example from Trigonometry. If y = arctan(z) then x = tan(y). Differentiating both sides of
the latter relation with respect to = gives

1 =sec’(y)y = (1 +tan?(y))y’ = (1 + 2?)yPrime.
Since y = arctan(z) then y is the derivative of arctan(z), so we have

1
14 22

d
7z arctan(z) =y’ =

assuming that arctan has a derivative.

7 Related Rates:

Suppose that a car is approaching a right angle intersection at 40 miles per hour. At the instant
that the car is 1/10 of a mile from the interesection, a police officer stationed 1/20 of a mile from the
intersection, but on the cross street takes a radar reading on this car. What does the radar reading
show the car’s speed to be? The solution is the following.



Let h(t) be the distance from the officer to the car at time ¢, measured in miles, and let ¢(t) be
the distance from the car to the intersection, also at time ¢ and also measured in miles. Let T be
the time that the car is 1/10 of a mile from the intersection, that is C'(T) = 1/10. We want to know
R'(T). From the Pythagorean Theorem we know that at all times near to T,

2
(07 = (55) + e (@

2 2 2
1 1 1 5
2 _ (1 2 _ (L ) -2
(h(T))" = (20) + (D)) (20) + (10) 400
so h(T) = v/5/20. On the other hand, from the chain rule, differentiating both sides of (4) give us
2h(t)h (t) = 04 2¢(t)c/(t). Substituting t = T we get

NG 1 1
2—/T :2— 4 = —
a0 (1) =275 < 40=73

so in particular

which gives us

2
/ ~
K(T) =40 x NG ~ 35.78.
So, his radar says we are going about 4.32 miles per hour slower than we really are. So if the speed
limit is 30 miles per hour, we are speeding according to his radar, but the radar does not indicate
that we are 10 miles per hour over the limit.

So, can the radar be calibrated to account for this? Let us look at the problem in general. Assume
that the roads intersect at a right angle, and that our speed is A miles per hour when we are a miles
from the intersection, and that the officer is b miles from the intersection on the cross street. Let h
denote the distance from the officer to us, and let H be the speed shown on the radar. We assume
that the officer is not moving, so b is a constant.

‘We have
R = a®+ b
h = Va2+b2
2hH = 2aA
H = a4

A———
JEi?
N

a

A = H

In other words, if the officer knows his distance from the intersection and your distance from the
intersection at the time of the radar reading, he has a known constant of proportionality, va? + b2/a
to use to convert the radar reading to the our speed, no matter how fast we are going. In particular,
if @ = b, the constant is 1/1/2 ~ 0.707, so his radar gives about 70% of our actual speed if the two
of us are equidistant from the intersection.

An example from meteorology. Assume that a pellet of ice is spherical. It accumulates more ice
at a rate proportional to its surface area. If the radius of the ice pellet is r, then the surface area is
47rr? and the volume is 4773 /3. Question: If the radius of the ice pellet is 2 millimeters when the
surface area is increasing at at rate of 0.01 square millimeters per minute, how fast is the volume of
the pellet increasing when the radius is 2 mm?

When the radius is 2 mm, the surface area is 167 square millimeters and the volume is 327/3
cubic millimeters. Let S denote the surface area at any time, measured in square millimeters, and
let V denote the volume at the corresponding time, measured in cubic millimeters. Then we have
dS/dt = 0.01, and by the Chain Rule:

s _ o dr
a -
dv 2dr dr
o - Y a T
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At the time when r is 2 mm we have dS/dt = 0.01 square mm per minute, so

1 dr dr
m = 81X 2% = 167’1’@
dVv dr
= = 16r—

dt o it

Comparing these two equations we have dV/dt = 0.01 cubic millimeters per minute.

8 Best Linear Approximation

Since
f/(a) — lim f(a + h‘) - f(a’)

h—0 h

we may say that if 0 < |h| & 0, that is, if h is very small, but not 0, that

fa+h) = fla)

OEE

Solving this approximate equality for f(a + h) gives us
fla+h)~ f(a) + f'(a)h.
For example, if f(z) = /z then f'(z) = (1/2)z~'/? and we may say that
V9.01 = £(9.01) = f(9) + £/(9)(0.01) = 3+ 1/600.

This is a pretty good approximation, as

2
<3+@) :9+@+m:9.01+m.
Using this idea with f(x) = (1 + )" for any rational number r we see that
1+h)"=f(h)~f(1)+ f()h=1+rh
is a good rule of thumb estimate, and that

In(1 + h) ~ In(1) + (1/1)h = h.

8.1 The birthday problem

How many people do you need to have in a group so that the probability that at least two of them
have the same birthday is about equal to 1/27 Ignore leapday.

If you have 1 < N < 366 people, there are 365" sequences of birthdays. The number of sequences
that have no repetitions is 365(365—1) - - - (365 — (N — 1)) so the probability of no common birthdays
is

_ 365(365 —1)--- (365 — (N — 1)

1 2 3 N-—-1
= (1—-—)(1—-)(1—-2).. (1=
365N 365 365 365 365

If we look at In(Pp) we have

1 2 3 N-1 12 3 N-1
m(Py) =T (1= o |+ (1= o= ) (1= o o (1= o ) m = (e b o oo b b o ) =
n(Fy) n( 365)“1( 365>+n< 365)+ +< 365 ) (365+365+365+ " 365 )

so we need to solve

PNZ

N —-1)N N —-1)N
@) =m(1)2) = YDV (V-
2 - 365 730
for N > 0, giving us N = 23. In fact, Ps3 = 0.493, so if there are at least 23 people present who are

not born on leap day, we have a little better than a 50% chance of there being a duplicate birthday.
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