MATH 731, FALL 2008
HOMEWORK SET 1 sample solutions

A. Let A, B be arbitrary sets and let f : A — B be a function. Prove that the following
statements are equivalent.
(1) f is onto.
(2) f is right invertible, that is, there exists g : B — A with fog=1idg.
(3) f is right cancellable, that is, if g,h : B — C are any functions with go f = ho f,
then g = h.
Proof. (1) = (2). For each b € B, pick an element a;, in A with f(ay) = b. Such
elements exist since f is onto. Define g : B — A by ¢g(b) = a,. This is a function with
f g = ldB .
(2) = (3). Suppose f': B — A satisfies f o f' =idp and suppose go f = ho f, where
g,h:B—C.Then g=gofof ' =hofof =h.
(3) = (1). Suppose f is right cancellable but not onto, say b € B \ im f. Choose any
y # b and let C = {b,y}. Define g : B — C by g(x) = y for all x € B and define
h:B — C by h(b) =band h(z) =y forall x € B,z # b. Clearly g, h are not equal, but
equally clearly, go f = ho f. This contradicts the statement that f is right cancellable.

Note: “cancelable” is the more common American spelling.

B. (i) Show that a group G is Abelian if and only if the map ¢ : G — G defined by
#(g) = g~ is a group homomorphism.
Proof. If G is Abelian, then ¢(gh) = (gh)™' =h7lg7! = g7 'h™t = ¢(g9)d(h), so ¢ is a
homomorphism.

Conversely, suppose ¢ is a homomorphism. Then for any ¢g,h € G, we have gh =
¢((gh)™) = o(h~tg™h) = (A1) Hg™") " = hg.

(ii) Determine for which fields F the map ¢ : F — F defined by ¢(0) = 0 and ¢(x) = x~*
for x # 0 is a field homomorphism.

Proof. The answer is that ¢ is a homomorphism if and only if F' has 2, 3, or 4 elements,
i.e., F' is one of the fields Fy, F3, Fy.

If F =T, or 3, then the map ¢ is just the identity, so naturally, it is a homomorphism.
If F =T, then F has 4 elements 0,1,a,1 + a, where a satisfies a™! =a? =a+1. In
this case ¢(x) = 22 for all x € F, and it is not hard to see that this is a homomorphism
(the Frobenius endomorphism).

Suppose F' is a field for which ¢ is a homomorphism. As long as = # 0,—1, we have
(x+ 1)t =¢(x+1) =¢(x)+ ¢(1) = 27! + 1. Clearing fractions yields x = (z + 1)?,
or 22 +x + 1= 0. This polynomial can have at most two roots in F', so I can have at
most 4 elements (0, —1, and the roots of z? + z + 1 = 0). Thus the only possibilities
are the ones described in the previous paragraph.
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C. Let V be a vector space and let m : V — V' be a linear operator. We say 7 is an internal

projection if m* = w. (The word “internal” is often omitted.)
(i) Let m:V — V be an internal projection. Prove that V =1im7 @ ker .

Proof. Given v € V', set w = mw(v) and w' = v — w(v). It is obvious that v = w + «’
and that w € im 7. Futhermore, 7(w') = 7(v) — 72(v) = 7(v) — 7 (v) = 0, so w’ € ker .
Suppose u € im7 Nker 7, so u = 7(v). Then 0 = 7(u) = 72(v) = 7(v) = u. This proves
V=im7m ®kerm.

(11) Suppose W, W' are subspaces of V' with V.= W @&W’'. Prove that there is an internal
projection 7wV — V with imm =W, 7|y = idw, and kerm = W',

Proof. Define 7(v) = w, where v = w + w’ is the unique representation of v with
w e W, w' € W’. This defines a function, and if v € W, then v = w, so 7(v) = v.
Thus 72 = 7. Plainly im7 = W and kerm = W’.

To see that 7 is linear, note that cv = cw + cw’ and cw, cw’ are in W, W’ so 7(cv) =
cw = cem(v). Given vy, vy, if we write them v; = w; + w} as above, then w; + wy € W,
wi +wh € W Thus vy + vy = (w1 +w2) + (w] +w}) is in the right form and so we have
7T(U1 +U2) =w; +wy = 7T(U1> +7T(U2).

. Let V' be a vector space over the field F' and let U,W be subspaces. Prove that dim(U +

W) +dim(UNW) =dimU + dim W .

Proof. Define ¢ : U® W — V by ¢((u,w)) = u+ w. (This @ is external.) Clearly
im¢ = U + W, while ker¢ = {(u,—u) | u € UNW}. Thus kerp = UNW via
(x,—x) — x.

The Dimension Formula now gives us dimU + dim W = dim(U & W) =

dimim ¢ + dimker ¢ = dim(U + W) + dim(U N W).

Here is an alternative proof. Let A be a basis for U N W . Extend A to bases AU B for
U and AUC for W. We claim AU BUC is a basis for U + W.

It’s easy to see that AUBUC spans U+W . To see that it’s linearly independent, suppose
we have a relation ), aqa+> 5 Bb+ D cc7ec = 0 for some sets of scalars, a, 3, .

Then D coveC = =D e @l — D ey B € U, 50 > cov.c € UNW. This means
Y ecc Ve€ = D e n 0a for some scalar set o’. Linear independence of AUC implies that
each 7. = 0. This means ) _, aqa+) , 5 Bb = 0, and so linear independence of AUB
means each «, and each 3, is 0. This proves AU B UZC is linearly independent.

We now have dim(U + W) + dim(UNW) = [AUBUC| + |A| = 2|A| + |B| + |C|. We
also have dimU + dim W = |AU B| + [AUC| = 2| A| + |[¢B| + |C|.

Find all 2 x 2 matrices A over R satisfying A? = —1I.

Proof. We know A satisfies the polynomial 2?4 1. Since this polynomial is irreducible,
it must be the minimal polynomial of A. The characteristic polynomial is a multiple of
the minimal polynomial, the characteristic polynomial must also be x? + 1.

The trace of A is the additive inverse of the coefficient of x, namely 0, and the determi-
nant of A is the constant coefficient, namely 1. Thus A = <Z _ba> , where —a’?—bc =1,

ie., a?+bc=—1.

One can check that any such matrix satisfies A2 = —1I, so the set of all matrices of the
form A = (a b
c

) with a® + be = —1 is the answer.



