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These notes constitute an intr oduction to modern algebra, predicated on the assump-
tion that the reader has already had an introduction to abstract algebra. There are 7
chapters (with two versionsof Chapter 7) and an appendix. The �r st chapter reviews and
re-organizesthe basic facts about groups, rings, and �elds. The second chapter discusses
the decompositions of groups into direct sums, including the Fundamental Theorem of
Abelian Groups, while the third chapter is devoted to the study of group actions and
group representations. The fourth chapter is devoted to the study of �elds and Galois
theory. Chapter �v e is devoted to the basic de�nitions and examplesof category theory.
Just as in chapter one, we cover somewell-known ideas from a new point of view, and
this leadsquickly to somenew constructions in groups, rings, and �elds. Chapter six is
devoted to the theory of commutat ive rings, including Hilbert's Nullstellensatz. Chapter
seven to the theory of modulesover general rings. The appendix reviewswell-known facts
from linear algebra that we need.

Most of the material in thesenotes is of coursepresented in many standard textbooks,
such as those by P. M. Cohn (Algebra, 2 or 3 volumes, depending on the edition), T.
W. Hungerford (Algebra), S. Lang (Algebra), N. Jacobson (BasicAlgebra, 2 volumes),or
M. Isaacs (Algebra, a Graduate Course), although often in a di�eren t way. We will also
follow parts of thebook by M. Artin (Algebra), the book which I considerthe introduction
the reader has already had to abstract algebra. In addition to basic results that appear
in both (including a great deal of linear algebra), the material in Sections 3 through 7 in
Chapter 3 of thesenotes is similar to someof that in Chapters 8 and 9 of Art in's book, and
the material in Chapter 4 of these notes is parallel to the material in Chapters 13 and 14
of Artin's book. The material in Chapter 6 of these noteshas a great dealof overlap with
the material in Chapters 10 and 11 of Art in's book, while the material in Chapter 7 of
thesenotes has someminor overlap with the material in Chapter 12 of Artin's book.

There are problems scattered throughout the notes for the reader to ponder while
reading, and there are more homework problemsat the end of each chapter. (Thesevary
a lot in di�c ulty, from routine to some I'm not sure of the answer to.) To these you
should add whatever quest ions occur to you while reading. In addition, not all proofs
are given, and even when proofs are given, there are often details to be supplied (ranging
from tr ivial to di�c ult ). Remember, to really master mathematics you must read and
learn actively.

These notes are not complete. For example,the only index is of de�nitions of terms,
and I think I can guarantee that you will �nd errors | of course, that should only make
you learn more. Ideally, you shouldn't believe anything I say until you've digested and
veri�ed it yourself. If you have any comments or correct ions, I hope you will share them
with me.



AP PENDIX : Review of Li near A lgebra

In this appendix we review some important facts about linear algebra (the theory of
vector spaces,linear maps,and bilinear forms) which will be usedthroughout the course.
Because this material is review, we have not included many proofs. In the �rst section,
we review basic facts, especially those concerningbasesand dimension; at the end of
the section we discussdirect sums and the rank of a linear map. In the second section,
we discusslinear operators and matrices,and the connect ion between the two, including
change of basis results and similar matrices. Then we review eigenvectors and canonical
forms, including the Spectral Theorem and Jordan form. In the �na l section,we discuss
bilinear formsand their matrices, again discussingchangeof basisand congruent matrices,
and give the classi�cation theoremsfor symmetric and alternating forms.

1. Bases and Dim ension

Wehavealready de�ned the notionsof vector spaceand linear transformation between
vector spaces. Let V be a vector spaceover a �eld F and let X be a subset of V . A
linear combination of the elements of X is a vector

P
x2 X � xx for scalars � x 2 F , only

�nitely many of which are nonzero: the scalars � x are called the coe�cients in the linear
combination. Such a linear combination is called trivial if each � x is 0 and non-trivial
otherwise. The span of X is the set of all linear combinations of the elements of X :
it is precisely the subspace of V generated by X , and we denote it F X or span(X ).
We say X spans V if F X = V . We say X is linearly independent if only the trivia l
linear combination of elements of X is 0 and linearly dependent if some nontrivial linear
combination of elements of X is 0. A basisof X is a subsetwhich spansX and is linearly
independent. The canonical exampleis thespaceF n of all n-tuples (which we also regard
as n � 1 column vectors when convenient), which has basis e1 = (1; 0; : : : ; 0; 0); : : : ; en =
(0; 0; : : : ; 0; 1) (t his is known as the standard basis).

Lemma 1.1. Let V be a vector space and X a subsetof V . Then the following
statementsare equivalent.

(1) X is a basis of V .
(2) Every elementof V can be written as a linear combination of the elementsof X

with unique coe�cients.

Pr oof . Exercise.

Lemma 1.2. Let X be a subsetof a vector space V and let v 2 V .

(1) If v is in the span of X , then X [ f vg is linearly dependentand the span of X
equalsthe span of X [ f vg.

(2) If X is linearly independent, then v is in the span of X if and only if X [ f vg
is linearly dependent.
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138 APPENDIX: REVIEW OF LINE AR ALGEBR A

(3) If X is linearly dependent, there is an x 2 X such that x is in the span of
X n f xg.

Pr oof . Exercise.

Theorem 1.3. Let X be a subsetof the vector space V . Then the following are
equivalent.

(1) X is a basis of V .
(2) X is a maximal linearly independentsubsetof V (that is, X is linearly indepen-

dent and if X � Y � V , then Y is linearly dependent).
(3) X is a minimal spanning subsetof V (that is, X spans V and if Y � X , then

Y does not span V ).

Pr oof . (1) ) (2) and (3). Let X be a basisfor V : since X spansV , Lemma 1.2
implies that X is a maximal linearly independent subsetof V . SupposeY � X and let
x 2 X nY . Certainly Y is linearly independent, so if Y spansV , then Y [ f xg is linearly
dependent, implying X is linearly dependent. Thus Y cannot span V , and so X is a
minimal spanningsubsetof V .

(2) ) (1). Let X be a maximal linearly independent subset of V and let v 2 V .
SinceX [ f vg is linearly dependent, Lemma 1.2 implies v is in the spanof X . Thus X
spansV .

(3) ) (1). Let X be a minimal spanning subset of V and suppose X is linearly
dependent. By Lemma 1.2, there is some vector x 2 X which can be writ ten as a linear
combination of the vectorsin X nf xg, and soagain by the lemma,X and X nf xg have the
samespan. This violatesthe minimalit y condition, soX must be linearly independent.

We include a proof of the following theorem becauseit is an excellent example of the
useof Zorn's Lemma.

Theorem 1.4. Every vector space has a basis. In fact, every linearly independent
subsetof a vector space is contained in a basisand everyspanning subsetcontains a basis.

Pr oof . The �rst sentencefollows from the second,since every vector spacecontains
somelinearly independent set (e.g., ; ) and somespanning set (e.g., the whole space).

Let X be a linearly independent subsetof a vector spaceV and let I be the collection
of all linearly independent subsetsof V containing X . We make I into a poset by using
the partia l order � . We will show every chain in I contains an upper bound in I . Zorn's
Lemma will then tell us that I contains a maximal element Y . By de�nitio n, Y � X ,
and any subset larger than Y is linearly dependent. Thus by Theorem 1.3, Y is a basis
of V .

Let C be a chain in I , and let Z = [C = [ C2CC. If Z is not linearly independent,
then there is some non-tr ivial linear combination of its elements which is 0. Such a linear
combination can only involve �nit ely many elements z1; : : : ; zn with non-zerocoe�cien ts,
so the set f z1; : : : ; zng is linearly dependent. For each i , there is a set Ci 2 C with
zi 2 Ci . Since C is a chain, there is an index k such that Ck � Ci for all i = 1; : : : ; n,
so z1; : : : ; zn 2 Ck . But this implies Ck is linearly dependent, contrary to the assumption
that Ck 2 C � I . This proves Z must be linearly independent, so Z 2 I . Now clearly
Z contains every member of C, so Z is an upper bound for C. Thus the hypothesisof
Zorn's Lemma is satis�ed.
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Weleavetheproof that every spanningset contains a basisto thereader asan exercise.

Lemma 1.5 (Exchange lemma). Let X and Y be basesfor a nonzero vector space V .
Then for any x1; : : : ; xn 2 X , there exist y1; : : : ; yn 2 Y such that (X n f x1; : : : ; xng) [
f y1; : : : ; yng is a basis for V .

Pr oof . Moderately di�cult exercise.

Theorem 1.6. Any two basesof a vector space havethe samecardinality.

Pr oof . In the caseof a �nit ely spannedvector space,this can be proved using the
Exchange lemma, while in the in�nitely spanned case, it is proved by general cardinalit y
considerations.

We de�ne the dimension of a vector space V to be the cardinalit y of any basis,and
we denote it dim V : the preceding theorem tells us this cardinal number is well-de�ned.
We will shortly seethat a vector spaceis determined up to isomorphism by its dimension.
To do this, we need to relate basesto mappings.

Lemma 1.7. Let V be a vector space and X be a subsetof V . Then X spans V if
and only if for every vector space W and every pair of linear maps �;  : V ! W , if
� jX =  jX , then � =  .

Pr oof . () ) Let v 2 V : we can write v =
P

x2 X � xx since X spans V . Thus
� (v) =

P
x2 X � x � (x) =

P
x2 X � x  (x) =  (v).

(( ) Let U be the subspaceof V spannedby X and let � : V ! V=U be the canonical
projection. Then � agreeswith the zero map on X , so thesemaps must be the same.
Thus U = V , as required.

Theorem 1.8. Let V be a vector space and X be a subsetof V . Then X is a basisof
V if and only if for every vector space W and every collection of elementsf wx : x 2 X g
in W , there is a unique linear transformation � : V ! W with � (x) = wx for all x 2 X .

Pr oof . () ) Suppose X is a basis of V , and de�ne � : V ! W by � (
P

x2 X � xx) =P
x2 X � xwx : this makessenseby Lemma1.1. It is easy to seethat � is a linear map with

the required property. Moreover, since � must be linear, this is the only possibleway to
de�ne � , and hence � is unique.

(( ) SupposeX has the stated property: by Lemma 1.7, X spansV (by uniqueness
of � ). Suppose X is linearly dependent, let Y � X be a basis for V , and suppose
x 2 X nY . Let W be any nonzero vector space and choosewx 2 W nonzeroand wx0 = 0
for all x0 6= x. Let � be the map given in the hypothesis. Then both � and the zero map
are maps from V to W which agree on the basisY , sothey must be equal by Lemma1.7.
But � (x) = wx 6= 0, so this is a contr adiction. Thus X must be linearly independent.

Theorem 1.9. Two vector spaces are isomorphic if and only if they have the same
dimension.

Pr oof . () ) Clearly an isomorphism takesa basisto a basis, so it preserves dimen-
sion.

(( ) This follows from the mapping property of the last theorem: we leave it as an
exercise.

The following additive property of dimensionsis quite useful.
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Pr opositio n 1.10. Let V; W be vector spaces.
(1) If U is a subspace of V , then dim V = dim U + dim V=U.
(2) If � : V ! W is a linear map, then dim V = dim ker� + dim im � .

Pr oof . Exercise.

We de�ne the rank of T to be dim im T .
Cor ol lar y 1.11. Let V be a �nite dimensional vector space and let T : V ! V be

a linear map. Then the following are equivalent.
(1) T is one-to-one.
(2) T is onto.
(3) T is an isomorphism.

Pr oof . Exercise.

Pr obl em 1.A. Show that if A is an n � n matrix over a �eld F , then A is right
invertible if and only if A is left invertible.

Recall we have de�ned the direct sum and product of vector spacesin Chapter 1.
If V is a vector spaceand W1; : : : ; Wn are subspaces,there is a natural linear map
T : � n

i =1 Wi ! V de�ned by T((wi )n
i =1 ) =

P n
i =1 wi . When this map is an isomorphism, we

say V is the internal direct sum of the subspacesW1; : : : ; Wn , and we write V = � n
i =1 Wi

(of coursethis meansit is up to the reader to tell internal and external direct sumsapart
by the context). This happenspreciselywhenevery element of V canbe writt en uniquely
in the form

P n
i =1 wi for somewi 2 Wi .

When W; W 0 aresubspacesof V , it is easyto seethat V = W � W 0 when V = W + W 0

and W \ W 0 = f 0g. In this casewe can de�ne a projection � : V ! W by � (w+ w0) = w:
this will be a well-de�ned linear map with the property that � (w) = w for all w 2 W .

Pr obl em 1.B. Let V be a vector spaceand let � : V ! V be a linear map for which
� 2 = � . Prove that V = im � � ker� .

The following fact is very useful.
Pr opositio n 1.12. Let V be a vector space and let W be a subspace of V . Then

there is a subspace W 0 of V with V = W � W 0.

Pr oof . Let Y be a basisfor W , and extend it to a basis X for V ; then take W 0 to
be the spanof X n Y .

2. L inear Op erat ors and Mat r ices

If V is a vector space, then the set End(V) (or EndF (V)) of linear maps from V
to V is a ring with pointwise addition and composit ion as mult iplication. It is also an
F -vector spaceof dimension n2, and is in fact an F -algebra. The invertible elements of
End(V) (that is, the linear isomorphisms) form a group under composit ion, which we call
the general linear group of V and which we denote GL(V). We will call a linear map
from a vector space to itself a linear operator.

Likewise, if n is a posit ive integer, the set M n (F ) of all n � n matricesover F forms
an F -algebra wit h the usual matrix operations, and the set of invertible matrices in
M n (F ) forms a group under matrix mult iplication, which we call the nth general linear
group over F and which we denote GLn (F ). We wish to show that if dim V = n, then
End(V) �= M n (F ) as F -algebras and GL(V) �= GLn (F ) as groups. In fact, there are
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many such isomorphisms,and we wish to describe them concretely. To do this, we need
to add somethingto our notion of a basis. If V is a �nite dimensional vector space, an
ordered basisof V is a basisX with it s elements (totally) ordered in someway, which we
indicate by listing them in order: v1; : : : ; vn .

If v1; : : : ; vn is an ordered basis for V and T : V ! V is a linear operator, the matrix
of T relative to this ordered basis is the n � n matrix A = (aij ) where the aij 2 F
are de�ned by T(vj ) =

P n
i =1 aij vi (so column j of A lists the coe�cien ts for expressing

T(vj ) as linear combination of v1; : : : ; vn ). The signi�cance of this de�nition is that if

v =
P n

i =1 x i vi and T(v) =
P n

i =1 yi vi , then A

0

@
x1
...

xn

1

A =

0

@
y1
...

yn

1

A .

Theorem 2.1. Let V be an n-dimensional vector space, and �x an ordered basis for
V . The map which sendsa linear operator T : V ! V to its matrix relative to this basis
is an isomorphism of F -algebras from End(V) to M n (F ) and an isomorphism of groups
from GL(V) to GLn (F ).

Pr oof . Exercise.

Wealsowould like to know what happenswhenwepick a di�e rent basis. Let v1; : : : ; vn

and w1; : : : ; wn be ordered bases for V . We de�ne the changeof basis matrix from
v1; : : : ; vn to w1; : : : ; wn to be the n � n matrix P = (pij ) de�ned by vj =

P n
i =1 pij wi .

That is, P is the matrix, relative to the new ordered basis w1; : : : ; wn , of the linear
operator from V to V which takeswi to vi for all i = 1; : : : ; n, so its j th column lists the
coe�cien ts for an expansion of vj in terms of w1; : : : ; wn .

Pr opositio n 2.2. Let v1; : : : ; vn and w1; : : : ; wn be ordered basesfor the vector space
V , let P be the changeof basis matrix, let T 2 End(V), and let A; B be the matrices of
T with respect to thesetwo ordered bases.Then B = PAP � 1.

Pr oof . Moderately di�cult exercise.

We de�ne two matrices A and B to be similar if B = PAP � 1 for someinvertible
matrix P . This is clearly an equivalencerelation: it is none other than conjugacy. It is
not hard to seethat any invertible matrix P can be a changeof basismatrix, and in fact,
we may choose eit her the old or the new ordered basis arbit rarily, and there will be a
unique other orderedbasisthat givesrise to P as the changeof basismatrix. This leads
to the following corollary.

Cor ol lar y 2.3. Let T be a linear operator on V and let A be the matrix of T relative
to an ordered basis of V . Then a matrix representsT relative to someordered basis of V
if and only if it is similar to A.

Thus the problem of �nding a \nice" matrix for T is equivalent to the problem of
�nding a \nice" matrix similar to a given one. This is the problem of �nding a canonical
form, such asJordan form, for a matrix. The nicest form is diagonal: we say an operator
T is diagonalizableif there is an orderedbasis relative to which the matrix of T is diagonal.

An eigenvector for a linear operator T : V ! V is a nonzero vector v 2 V with the
property that T(v) = �v for some scalar � 2 F . Similarly, an eigenvector for an n � n
matrix A is an n � 1 column vector v with the property that Av = �v for some scalar
� 2 F . In both cases,we call � the eigenvalueassociated to v.
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Lemma 2.4. If X is a set of eigenvectors with distinct eigenvalues,then X is linearly
independent.

Pr oof . Moderately di�cult exercise.

Lemma 2.5. (1) Let V be a �nite dimensionalvector space and let T : V ! V be
a linear operator. Then the matrix of T relative to someordered basis is diagonal
if and only if the basis consistsof eigenvectors for V .

(2) An n � n matrix A is similar to a diagonalmatrix if and only if A has n linearly
independenteigenvectors.

Pr oof . Exercise.

Cor ol lar y 2.6. If an n � n matrix has n distinct eigenvalues,then it is similar to
a diagonalmatrix.

Pr oof . Combine Lemmas2.4 and 2.5.

When we deal wit h real or complexvector spaces,it is also very useful to know when
we can diagonalize a matrix or operator using an orthonormal basis. This corresponds in
the real caseto using an orthogonal changeof basis matrix, i.e., onewith PT = P � 1, and
in the complex case to using a unitary change of basismatrix, i.e., one with P � = P � 1

(where P � is the conjugate tr ansposeof P ). We now list the main result s along this line.
Theorem 2.7 (Real spectral theorem). Let A be a real n � n matrix. Then there is

a real orthogonal matrix P with PAP � 1 diagonal if and only if A is symmetric.

Pr oof . Di�cult exercise(seethe next section).

We de�ne a complex matrix A to be normal if AA � = A � A.
Theorem 2.8 (Complex spectral theorem). Let A be a complexn � n matrix. Then

there is a complexunitary matrix P with PAP � 1 diagonal if and only if A is normal.

Pr oof . Di�cult exercise(seethe next section).

In general, though, we cannot diagonalize an arbitra ry matrix. Recall that a �e ld
F is algebraically closed if every non-constant polynomial in F [x] has a root in F : one
exampleis C. We say an n � n matrix A is a Jordan block with eigenvalue� if aii = �
for i = 1; : : : ; n, ai;i +1 = 1 for i = 1; : : : ; n � 1 (just above the diagonal), and aij = 0 for
all other i; j . We say a matrix A is in Jordan form if it is in block diagonal form, with
Jordan blocks as diagonal blocks.

Theorem 2.9. Every square matrix over F is similar to a matrix in Jordan form if
and only if F is algebraically closed.

Pr oof . Very di�cult exercise.

In order to compute the eigenvaluesand eigenvectors of a linear operator or of a matrix,
we needsomeadditional functions. Recall that if A is a n � n matrix, its determinant
is detA =

P
� 2 Sn

(sgn� )a1;� (1) : : : an;� (n) and its trace is tr A =
P n

i =1 aii . Thesefunctions
have many important properties. We recall someof them in the next result.

First we make one more de�nitio n. For each i; j , let A i;j be the matrix obtained from
A by deleting the i th row and j th column. We de�ne the adjugateof A to be the matrix
adj A = (( � 1)i + j detA j ;i ) i;j .
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Pr opositio n 2.10. Let A; B be n � n matrices and let � 2 F .
(1) detAT = det A and tr AT = tr A.
(2) det �A = � n detA and tr �A = � tr A .
(3) detAB = det A detB and tr( A + B) = tr A + tr B .
(4) A � adj A = adj A � A = (det A)I .
(5) A � 1 exists if and only if detA 6= 0, and in this casedetA � 1 = (det A)� 1.
(6) tr AB = tr BA.
(7) If P is invertible, then detPAP � 1 = detA and tr PAP � 1 = tr A.

Pr oof . Moderately di�cult exercise.

This result givesus a formula for A � 1 when it exists, namely A � 1 = (det A)� 1 adj A.
This formula also gives rise to a formula for solving systemsof n linear equations in n
unknowns. If we have a system

P n
j =1 aij x j = bi of n equations (for i = 1; : : : ; n) in the

n variables x1; : : : ; xn , we call A = (aij ) i;j the determinant of the system. This system
has a unique solution if and only if detA 6= 0, and in this case we can explicitly write
down the solution as follows. Let A (j ) be the matrix we obtain from A by replacingthe
j th column of A by the column vector (b1; : : : ; bn )T . Then x j = detA (j )=detA. This is
known as Cramer's rule.

Since similar matrices have the same tr ace and same determinant, it makes sense
to de�ne the traceand determinant of a linear operator from a �nite dimensional vector
spaceto itself as the traceand determinant of any matrix representing it. Onecan actually
give another characterization of trace and determinant over an algebraically closed�e ld:
using the Jordan form, we seethe trace of a matrix or linear operator equals the sum
of its eigenvaluesand the determinant of a matrix or linear operator equalsthe product
of it s eigenvalues,where in both cases, we must count the eigenvaluesaccording to their
multiplicit y.

Actually the trace and determinant are special cases of a more general collection of
functions. If A is a matrix (or T a linear operator) , we de�ne its characteristic polynomial
to be det(xI � A) (or det(x id � T)), where this polynomial is an element of F [x]. The
eigenvaluesof A (or T ) are just the roots of this polynomial (with the samemultiplicit y);
the determinant is (� 1)n times the constant coe�cien t, and the trace is the additiv e
inverse of the coe�cien t of xn� 1.

Theorem 2.11 (Cayley-Hamilton theorem). Let A be an n � n matrix with charac-
teristic polynomial p(x). Then p(A) = 0.

Pr oof . Di�cult exercise.

When p(A) = 0 or p(T) = 0 we say A or T satis�es the polynomial p. The matrix
A or linear operator T may satisfy a polynomial of smaller degreethan the characteristic
polynomial: the monic polynomial of smallest degree satis�ed by A or T is called it s
minimal polynomial. It divides every polynomial satis�ed by A or T ; in particular, it
divides the characteristic polynomial. One can show that every eigenvalue is a root of
the minimal polynomial, though not necessarily with the same multiplicit y as in the
characteristic polynomial.

Pr obl em 2.A. Let A be a matrix over the �e ld F and let E=F be an extension of
�elds. Obviously the characteristic polynomial of A is the samewhen de�ned over E as
when de�ned over F : show this is also true for the minimal polynomial.
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Remark 2.12. We sometimesmust deal wit h matrices whose entries come from an
arbitrar y ring R. In caseR is commutativ e, the de�nitio ns of determinant and trace we
have given still make sense,and Proposition 2.10 and Theorem 2.11 remain valid, except
that Proposition 2.10(5) has to be modi�e d to state that A � 1 exists if and only if det A
is a unit in R.

Unfortunately, there is no good notion of determinant for matricesover a non-commutativ e
ring.

3. B il inear Forms

A bilinear form on a vector space V is a map h; i : V � V ! F which is linear in
each variable separately, that is, which satis�es (i) hv + v0; wi = hv; wi + hv0; wi , (ii)
h�v ; wi = � hv; wi , (iii) hv; w + w0i = hv; wi + hv; w0i , (iv) hv; �w i = � hv; wi for all
v; v0; w; w0 2 V , � 2 F . If hv; wi = hw; vi for all v; w 2 V , we say the form is symmetric,
and if If hv; wi = �h w; vi for all v; w 2 V , we say the form is skew-symmetric. If
hv; vi = 0 for all v 2 V , we say the form is alternating. Any alternating bil inear form is
skew-symmetric; the converse is tr ue if charF 6= 2.

We say a bilinear form h; i on V is nonsingularor nondegenerate if and only if there is
no v 2 V with hv; wi = 0 for all w 2 V (this is equivalent to assuming there is no v 2 V
with hw; vi = 0 for all w 2 V ).

If v1; : : : ; vn is an orderedbasis for V , we de�ne the matrix of the form relative to this
ordered basis to be the n � n matrix A = (hvi ; vj i ) i;j . The signi�cance of this de�nition

is that if v =
P n

i =1 x i vi and w =
P n

i =1 yi vi , then hv; wi =
�
x1 : : : xn

�
A

0

@
y1
...

yn

1

A .

Example 3.1. On F n , we can de�ne a bilinear form by

h(x1; : : : ; xn ); (y1; : : : ; yn )i =
nX

i =1

x i yi :

This is known asthe dot product form. If we take the standard basise1; : : : ; en , the matrix
of this form is I .

The next proposition tells us what happensto the matrix whenwe change bases:note
that it is not the same as what happenswit h a linear operator.

Pr opositio n 3.2. Let v1; : : : ; vn and w1; : : : ; wn be ordered basesfor the vector space
V , let P be the changeof basis matrix, let h; i be a bilinear form on V , and let A; B be
the matrices of h; i relative to thesetwo ordered bases.Then B = PAP T .

Pr oof . Exercise.

We say two n � n matricesA; B are congruent if there is a nonsingular matrix P with
B = PAP T . Clearly congruenceof n � n matrices is an equivalencerelation. Just as for
matrices of linear operators, we have the following result.

Cor ol lar y 3.3. Let h; i be a bilinear form on V and let A be the matrix of h; i
relative to an ordered basis of V . Then a matrix representsh; i relative to someordered
basis of V if and only if it is congruent to A.

Pr oof . Exercise.
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Pr obl em 3.A. (1) Show that a bilinear form is nonsingular if and only if its ma-
trix (relative to oneordered basis, or relative to all orderedbases) is nonsingular.

(2) We say an ordered basis v1; : : : ; vn is orthonormal relative to a form h; i if and
only if hvi ; vj i = � ij for all i; j . Show that an orthonormal basis exists if and only
if the matrix of the form relative to a(ny) basis can be written in the form QQT

with Q nonsingular.
Wenow summarize without proof the resultson matricesof forms: this can be thought

of either as the problem of �nding the \nicest" matrix which can represent a given form,
or of �nding a canonical form for matrices up to congruence.

Theorem 3.4. Let h; i be a symmetric bilinear form on a �nite dimensional vector
space V . Then there is an ordered basis of V relative to which the matrix of h; i is
diagonal.
Equivalently, any symmetric matrix is congruent to a diagonal matrix.

Pr oof . Di�cult exercise.

The questionof what entries can appear in the diagonalized matrix of a form is a very
subtle one. We list the results in someimportant cases.

Theorem 3.5. Let F be a �eld and V a �nite dimensionalvector space over F .
(1) If F is algebraically closed, then there is up to isomorphisma uniquenonsingular

symmetric form on V .
(2) If F is �nite, there there are up to isomorphism two distinct nonsingular sym-

metric forms on V .
(3) If F = R, then for any nonsingular symmetric form on V , there is an ordered

basis of V relative to which the form has a diagonal matrix with diagonal en-
tries of 1 and � 1 only; moreover, the number of 1's and � 1's determinesthe
form uniquely up to isomorphism. Thus up to isomorphism, there are dim V + 1
nonsingular symmetric forms on V .

Pr oof . Di�cult exercise.

Theorem 3.6. Let V be a vector space of �nite dimension n. If n is odd, there is
no nonsingular alternating form on V , while if n is even, there is up to isomorphism a
unique nonsingular alternating form on V .

It followsthat two skew-symmetricmatricesof the samesizeare congruent if and only
if they havethe samerank.

Pr oof . Di�cult exercise.

When working over the real or complexnumbers, there is another important concept
associated to bilinear forms. We begin with vector spacesover the real numbers.

A symmetric bilinear form h; i on a real vector space V is said to be positive de�nite if
hv; vi > 0 for all nonzero v 2 V . This is equivalent to assuming that h; i canberepresented
by the matrix I relative to someordered basis of V (just take an orthonormal basis). A
positive de�nit e symmetric bilinear form is called an inner product. The advantageof an
inner product is that we can de�ne the length kvk of a vector v to be

p
hv; vi , and we

may then imita te the usual metric geometry and analysis in Euclidean space.Note that
there is an inner product on any �nite dimensionalreal vector space V , namely the usual
dot product form.
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When we try to do the same thing over a complex vector space,we �nd that it
is impossible to guarantee that hv; vi is always nonnegativ e. In order to do complex
metric geometry, we must in fact abandon the idea of a bilinear form. We de�ne a
map h; i : V � V ! C to be a Hermitian form if h; i is linear in the �rst variable, but
that scalars pull out conjugated in the second variable, and if it is conjugate symmetric.
That is, the form must satisfy (i) hv + v0; wi = hv; wi + hv0; wi , (ii) h�v ; wi = � hv; wi ,
(iii) hv; w + w0i = hv; wi + hv; w0i , (iv) hv; �w i = �� hv; wi , (v) hv; wi = hw; vi for all
v; v0; w; w0 2 V , � 2 F . A Hermitian form on a complex vector space V is said to be
positive de�nite if hv; vi > 0 for all nonzerov 2 V : such a form is called an inner product
on V . Again, wecan de�ne the length kvk of a vector v to be

p
hv; vi , and wemay imitat e

the usualmetric geometryand analysis in Euclideanspace.As for real vector spaces,any
�nite dimensional complex vector spacehas an inner product; for example, the usual
complex version of the dot product form, h(z1; : : : ; zn ); (w1; : : : ; wn )i =

P n
i =1 zi �wi , is an

inner product on Cn .
The readershould be aware that there is somediscrepancy in the de�nit ion of Hermit-

ian forms. Some authors, including Artin, assume they are linear in the second variable
and conjugate linear in the �r st variable.

Let (V; h; i ) be a realor complexinner product space.A linear map T : V ! V is said
to be positive de�nite if hT(v); vi = hv; T(v)i > 0 for all nonzero v 2 V . Equivalently,
A 2 M n (C) is saidto bepositive de�nite if A is Hermitian and the canonical inner product
of Av and v is posit ive for all nonzerov 2 Cn .

Theorem 3.7. Let (V; h; i ) be a real or complexinner product space.
(1) If T : V ! V is a nonsingular linear map, then T � T � and T � � T are positive

de�nite.
(2) If T : V ! V is a positive de�nite linear map, then there is a unique positive

de�nite linear map S : V ! V with S � S = T . (So S is the \square root" of
T .)

Pr oof . Exercise.
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