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These notes constitute an intr oduction to modern algebra, predicated on the assump-
tion that the reader has already had an introduction to abstract algebra There are 7
chapters (with two versionsof Chapter 7) and an appendix. The r st chapter reviews and
re-organizesthe basicfacts about groups, rings, and elds. The seond chapter disausses
the decompositions of groups into direct sums, including the Fundamertal Theaem of
Abelian Groups, while the third chapter is devoted to the study of group actions and
group represertations. The fourth chapter is dewted to the study of elds and Galois
theory. Chapter v e is dewted to the basic de nitions and examplesof categry theory.
Just as in chapter one, we cover somewell-known ideasfrom a new point of view, and
this leadsquickly to somenew constructions in groups, rings, and elds. Chapter six is
dewoted to the theory of comnmutative rings, including Hilb ert's Nullstellensatz. Chapter
seento the theory of modulesover generd rings. T he appendix reviewswell-known facts
from linear algebrathat we need.

Most of the material in thesenotes s of coursepreserted in many standard textb ooks,
sud asthose by P. M. Cohn (Algebra, 2 or 3 volumes, depending on the edition), T.
W. Hungerford (Algebra), S.Lang (Algebra), N. Jacdison (Basic Algebra, 2 volumes),or
M. Isaacs (Algebra, a Graduate Course), although often in a di erent way. We will also
follow parts of thebook by M. Artin (Algebra), the book which | considertheintroduction
the reader has already had to abstract algebra. In addition to basicresults that appear
in both (including a great deal of linear algebra), the material in Sectins 3 through 7 in
Chapter 3 of thesenotes s similar to someof that in Chapters 8 and 9 of Artin's book, and
the material in Chapter 4 of these notes is parallel to the material in Chapters 13and 14
of Artin's book. The material in Chapter 6 of these noteshas a great deal of overlap with
the material in Chapters 10 and 11 of Artin's book, while the material in Chapter 7 of
thesenotes has someminor overlap with the material in Chapter 12 of Artin's book.

There are problems scattered throughout the notes for the reader to ponder while
reading and there are more homework problemsat the end of each chapter. (Thesevary
a lot in dic ulty, from routine to same I'm not sure of the answer to.) To thes you
should add whatever quegions occur to you while reading In addition, not all proofs
are given, and even when proofs are given, there are often details to be supplied (ranging
from trivial to dic ult). Remeamber, to really master mathematics you must read and
learn actively.

These notes are not complete. For example,the only index is of de nitions of terms,
and | think | can guarantee that you will nd errors| of course,that should only make
you learn more. Ideally, you shouldn't believe anything | say until you've digested and
veri ed it yourself. If you have any commerts or corredions, | hope you will share them
with me.



AP PENDIX : Review of Linear Algebra

In this appendix we review some important facts about linear algebra (the theory of
vectar spaceslinear maps, and bilinear forms) which will be usedthroughaut the course
Because this material is review, we have not included many proofs. In the rst section,
we review basic facts, egpecially those concerningbasesand dimension; at the end of
the section we discussdirect sums and the rank of a linear map. In the seond section,
we discusslinear operators and matrices,and the connedion between the two, including
change of basis results and similar matrices. Then we review eigervectars and canonical
forms, including the Spectral Theoremand Jordan form. In the nal section,we discuss
bilinear formsand their matrices, again discussingchangeof basisand congruent matrices,
and give the classi cation theoremsfor symmetric and alternating forms.

1. Basesand Dim ension

We have already de ned the notions of vectar spaceand linear transformation between
vectar spaces. Let V be a vector spaceover a eld § and let X be a subsetof V. A
linear combination of the elemens of X is avedor ,,, X forscaars , 2 F, only
nitely many of which are nonzero:the scalars  are cdled the coe cients in the linear
combination. Sud a linear conbination is called trivial if each , is 0 and non-trivial
otherwise. The span of X is the set of all linear combinations of the elemerts of X :
it is precisdy the subspace of V generded by X, and we denote it FX or span(X).
Wesay X spans 'V if FX = V. We say X is linearly independentif only the trivial
linear conbination of elemerts of X is 0 and linearly degendentif some nontrivial linear
conbination of elements of X is 0. A basisof X is a subsetwhich spansX andis linearly
independent. The canonical exampleis the spaceF" of all n-tuples (which we alsoregad
asn 1 column vectas when convenient), which hasbasise; = (1;0;:::;0;0);:::;e, =
(0;0;:::;0;1) (thisis known asthe standad basis).

Lemma 1.1 Let V be a vector space and X a subsetof V. Then the following
statementsare equivalent.

(1) X is abasisof V.
(2) Every elementof V can be written as a linear combination of the elementsof X
with unique coe cients.

Pr oof . Exercise |

Lemma 1.2 Let X be a subsetof a vector space V andletv2 V.

(1) If visin the span of X, then X [ fvg is linearly deendentand the span of X
equalsthe span of X [ fvg.

(2) If X is linearly independent,then v is in the span of X if andonly if X [ fvg
is linearly degendent.
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138 APPENDIX: REVIEW OF LINE AR ALGEBR A

(3) If X is linearly degendent, there is an x 2 X suchthat x is in the span of
X nfxg.

Pr oof . Exercise n

Theorem 1.3 Let X be a subsetof the vector space V. Then the following are
equivalent.

(1) X is abasisof V.

(2) X is a maximal linearly independentsubsetof V (that is, X is linearly indepen-
dentandif X Y V,thenY is linearly degndent).

(3) X is a minimal spanning subsetof V (that is, X spansV andif Y X, then
Y doesnot span V).

Proof. (1)) (2) and (3). Let X be a basisfor V: since X spansV, Lemma 1.2
implies that X is a maximal linearly independert subsetof V. SupposeY X and let
x 2 X nY. Certainly Y islinearly independen, soif Y spansV, then Y [ fxg is linearly
dependent, implying X is linearly dependent. Thus Y cannd span V, and so X is a
minimal spanningsubsetof V.

2)) (1). Let X be a maximal linearly independent subsetof V andlet v 2 V.
SinceX [ fvg islinearly dependert, Lemmal.2implies v isin the spanof X. Thus X
spansV.

(3)) (). Let X be a minimal spanning subsetof V and suppose X is linearly
dependernt. By Lemma 1.2, there is same vedor x 2 X which can be written asa linear
combination of the vectorsin X nf xg, and soagain by the lemma, X and X nf xg havethe
samespan. This violatesthe minimality condition, soX must belinearly independeri. =

We include a proof of the following theorem becausat is an excellent example of the
useof Zorn's Lemma.

Theorem 1.4. Every vector space has a basis. In fact, evewy linearly independent
subsetof a vector space is contained in a basis and every spanning subsetcontains a basis

Pr oof . The rst sertencefollows from the second,since every vectar spacecortains
somelinearly independert set(e.g., ;) and somespanning sd (e.g, the whole space).

Let X bealinearly independert subsetof a vector spaceV andlet | bethe collection
of all linearly independert subsetsof V cortaining X. We make | into a posd by using
the partial order . We will show every chain in | cortainsan upperboundin | . Zorn's
Lemmawill thentell usthat | cortains a maximal elemen Y. By de niton, Y X,
and any subse largerthan Y is linearly dependent. Thus by Theorem 1.3, Y is a basis
of V.

Let Cbeachaininl,andlet Z = [C = [ cocC. If Z is not linearly independen,
then there is some non-trivial linear conbination of its elemens which is 0. Sud a linear

that C, 2 C | . This provesZ must be linearly independen, soZ 2 | . Now clearly
Z cortains every menber of C, so Z is an upper bound for C. Thus the hypothesis of
Zorn's Lemmais satis ed.
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We leave the proof that every spanningse cortains a basisto thereader as an exercise
|

Lemma 1.5 (Exchangelemma). Let X and Y be basesfor a nonzeo vector space V.

Pr oof . Moderately di cult exercise. [
Theorem 1.6. Any two basesof a vector space havethe samecardinality.

Pr oof . In the caseof a nit ely spannedvector space,this can be proved using the
Exchange lemma, while in the in nitely spanned caseg it is proved by genera cardinality
consideratons. [ ]

We de ne the dimension of a vector space V to be the cardinality of any basis,and
we denote it dimV : the preceding theorem tells us this cardinal number is well-de ned.
We will shortly seethat a vectar spaceis determined up to isomaphism by its dimension.
To do this, we need to relate basesto mappings.

Lemma 1.7. Let V be a vector space and X be a subsetof V. Then X spnsV if
and only if for every vector sppee W and every pair of linear maps ; V! W, if

jx = ix,then =
P
Prgef. () ) Let vp2 V: we canwrite v =  ,,, X since X spansV. Thus

(M= ox x )= ox x ()= (V).
(( ) Let U bethe subspacedf V spannedby X andlet :V ! V=U bethe canonical
projection. Then agreeswith the zeromap on X, sothese maps must be the same.
Thus U = V, asrequired. [ ]

Theorem 1.8 LetV bea vector space and X be a subsetof V. Then X is a basis of
V if and only if for evely vector spaoe W and every collection of elementsfwy : x 2 X g
in W, there is a uniquelinear transformation :V ! W with (x) = wy for all x 2 X.

p Proof. () ) Suppose X isabasisof V,anddene :V! W by (P wox  xX) =

«wx  xWx: this makessenseby Lemmal.l. It is easyto seethat is alinear map with
the required property. Moreover, since must be linear, this is the only possibleway to
dene ,andhene is unique.

(( ) SupposeX hasthe stated property: by Lemma1l.7, X spansV (by uniqueness
of ). Suppose X is linearly dependen, let Y X be a basisfor V, and suppose
x2 X nY. Let W beany nonzero vector space and choosew, 2 W nonzeroand wyo = 0
for all x°6 x. Let bethe map givenin the hypothesis. Then both  and the zero map
are mapsfrom V to W which agree on the basisY , sothey must be equal by Lemmal.7.
But (x) = wy 6 0, sothis is a cortradiction. Thus X must be linearly independen. =

Theorem 1.9, Two vector spaces are isomorphic if and only if they have the same
dimension.

Proof. () ) Cleardy anisomaphism takesa basisto a bass, soit presenes dimen-
sion.

(( ) This follows from the mapping property of the last theorem: we leave it as an
exercise ]

The following additive property of dimensionsis quite usdul.
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Pr opositio n 1.10. Let V; W be vector spces.

(1) If U is a subspce of V, thendimV = dimU + dimV=U.
2)If :V! W isalinear map, then dimV = dimker + dimim

Pr oof . Exercise n

We de ne therankof T to bedimimT.

Corollar y 1.11. Let V be a nite dimensionalvector sppce andlet T : V! V be
a linear map. Then the following are equivalent.

(1) T is one-to-one.

(2) T is onto.

(3) T is anisomorphism.

Pr oof . Exercise [

Probl em 1.A. Show that if A isann n matrix over a eld F, then A is right
invertible if and only if A is left invertible.

Recall we have de ned the direct sum and product of vector spacesin Chapter 1.

s& V is the internal direct sum of the subspacedV,;:::;W,, and wewrite V = L, W,
(of coursethis meansit is up to the reader to tell internal and externd direct sumsapart
by the context). This happenspreciselywhenevery elemert of V canbe writt en uniquely
in the form inzl w; for somew; 2 W;.

When W; WP are subspacesf V, it is easyto seethat V = W  WO°whenV = W+ W?
and W\ W°= f0g. In this casewe can de ne aprojection :V! W by (w+ w9 = w:
this will be a well-de ned linear map with the property that (w) = w for all w2 W.

Pr obl em 1.B. Let V beavectorspaceandlet :V ! V bealinear map for which
2= . Provethat V = im ker .

The following fact is very useful.

Pr opositio n 1.12. Let V be a vector space and let W be a subspce of V. Then
there is a subspoe W0 of V with V.=W W?

Pr oof . Let Y be a basisfor W, and extend it to a basis X for V: then take W° to
be the spanof X nY. [ ]

2. Linear Operators and Mat rices

If V is a vedor space, then the sé¢ End(V) (or Endr(V)) of linear maps from V
to V is aring with pointwise addition and composition as multiplication. It is also an
F -vector spaceof dimensionn?, and is in fact an F -algebra The invertible elemers of
End(V) (that is, the linear isomomphisms) form a group under composition, which we call
the geneanl linear group of V and which we dende GL(V). We will call a linear map
from a vector spaceto itself a linear operator.

Likewise,if n is a positive integer, the s¢& M,(F) of all n n matricesover F forms
an F-algebrawith the usud matrix operations, and the set of invertible matrices in
M, (F) forms a group under matrix multiplication, which we cal the n"" geneal linear
group over F and which we denote GL,(F). We wish to show that if dimV = n, then
End(V) = M,(F) as F-algebrasand GL(V) = GL,(F) as groups. In fact, there are
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many sud isomorphisms,and we wish to describe them concretely To do this, we nedal
to add somethingto our notion of a basis. If V is a nite dimensiona vector space, an
ordered basisof V is a basisX with its elemerts (totally) ordered in someway, which we

If vi;:::;vy isanordered basisfor V and T : V! V isalinear operator, the matrix
of T relative to this ordered basisis the n  n matrix A = (a;) wherethe a; 2 F
aredened by T(vj) = [, & Vi (socolumn j of A lists the coecien ts for expressing

P P
v LxviandT(v) = L yivi, thenA@: A = @: A
Xn Yn
Theorem 2.1 Let V be an n-dimensional vector space, and x an ordered basis for
V. The map which sendsa linear operator T : V! V to its matrix relative to this basis

is an isomorphism of F -algebas from End(V) to M,(F) and an isomormphism of groups
from GL(V) to GL,(F).

Pr oof . Exercise n

Vi;iil Ve to Wypiii;w, to bethe n n matrix P = (p;) dened by v = in:1 P Wi .
That is, P is the matrix, relative to the new ordered basis wy;:::;w,, of the linear
operator from V to V which takesw; to v; for all i = 1;:::;n, soits j column lists the

V, let P be the changeof basis matrix, let T 2 End(V), and let A; B be the matrices of
T with respgct to thesetwo ordered bases. Then B = PAP 1,

Pr oof . Moderately di cult exercise. [

We de ne two matrices A and B to be similar if B = PAP ! for someinvertible
matrix P. This is clearly an equivalencerelation: it is none other than conjugecy. It is
not hard to seethat any invertible matrix P canbe a change of basismatrix, and in fact,
we may choose either the old or the new ordered basis arbitrarily, and there will be a
unique other orderedbasisthat givesriseto P asthe changeof basismatrix. This leads
to the following corollary.

Cor ol lar y 2.3 Let T bealinear operator on V andlet A be the matrix of T relative
to an ordered basisof V. Then a matrix representsT relative to someordered basis of V
if and only if it is similar to A.

Thus the problem of nding a \nice" matrix for T is equivalent to the problem of
nding a\nice" matrix similar to a givenone. This is the problemof nding a canonical
form, sudh asJordan form, for a matrix. The nicestform is diagoral: we say an operator
T is diagonalizablef thereis an orderedbasis relative to which the matrix of T is diagond.

An eigenvetor for a linear operator T : V !V is a nonzeo vector v 2 V with the
property that T(v) = v for somescdar 2 F. Similarly, an eigenvectorfor an n n
matrix A isan n 1 column vecta v with the property that Av = v for some scaar

2 F. In both cases,we call the eigenvalueassaiated to v.
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Lemma 2.4. If X is a setof eigenvetors with distinct eigenvaluesthen X is linearly
independent.

Pr oof . Moderately di cult exercise. ]

Lemma 2.5. (1) LetV bea nite dimensionalvector sppaceandlet T : V! V be
a linear operator. Then the matrix of T relativeto someordered basisis diagonal
if and only if the basis consists of eigenvetors for V.

(2) An n n matrix A is similar to a diagonalmatrix if and only if A hasn linearly
independenteigenvetors.

Pr oof . Exercise ]

Corollar y 2.6. If an n n matrix hasn distinct eigenvaluesthen it is similar to
a diagonal matrix.

Pr oof . Combine Lemmas?2.4 and 2.5. ]

When we deal with real or complexvectar speaces, it is also very useful to know when
we can diagonalize a matrix or operator using an orthonamal basis This correspondsin
the real caseto using an orthogmal change of basis matrix, i.e.,onewith PT = P 1, and
in the complex caseto using a unitary change of basismatrix, i.e., onewith P = P 1!
(where P is the conjugéde transposeof P). We now list the main reailts along this line.

Theorem 2.7 (Real spectral theorem). Let A beareal n  n matrix. Then there is
a real orthogonal matrix P with PAP ! diagonalif and only if A is symmetric.

Proof . Dicult exercise(seethe next section). ]

We de ne a complex matrix A to be normal if AA = A A.

Theorem 2.8 (Complex spectral theorem). Let A be a complexn n matrix. Then
there is a complexunitary matrix P with PAP ! diagonalif and only if A is normal.

Pr oof . Dicult exercise(seethe next section). [

In generd, though, we cannd diagondize an arbitrary matrix. Recall that a eld
F is algebmically closed if every non-constant polynomial in F[x] hasa root in F: one
exampleis C. Wesay ann n matrix A is a Jordan black with eigenvalue if a; =
fori=1,:::;n, &+ = 1fori=1:::;n 1 (just above the diagonal), and a; = O for
all other i;j. We say a matrix A is in Jordan form if it is in block diagond form, with
Jordan blocks as diagonal blocks.

Theorem 2.9. Every squae matrix over F is similar to a matrix in Jordan form if
and only if F is algebaically closal.

Pr oof . Very dicult exercise. ]

In orderto compute the eigervaluesand eigervectars of alinear operator or of a matrix,
we needsgseadditional functions. Recallthat if A isan @ matrix, its determinant
isdetA =" ,5(Sgn )ag; (y:i:@n () andits traceistr A= [, a;. Thesefunctions
have many important properties. We recall someof them in the next result.

First we make one more de nitio n. For each i; j, let A;; be the matrix obtained from
A by deleting the i™ row and j column. We de ne the adjugateof A to be the matrix
adjA = (( 1)i+j detAj;i)i;j .
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Pr opositio n 2.10. Let A;B ben n matricesandlet 2 F.

(1) detAT = det A and tr AT = tr A.

(2) det A "detA andtr A = trA.

(3) detAB = det AdetB andtr(A+ B)=trA+ trB.

(4) A adjA = adjA A = (detA)l.

(5) A ! existsif and only if detA 6 0, and in this casedetA ! = (detA) I.
(6) tr AB = tr BA.

(7) If P isinvertible, then detPAP ! = detA andtr PAP '=trA.

Pr oof . Moderately di cult exercise. [

This result givesus a formula for A * whenit exists, namedy A ! = (detA) ladjA.
This formula also givesrise to agormula for solving systemsof n linear equaions in n
unknowns. If we have a system jn:1 aj X; = b of n equations (for i = 1;:::;n) in the

has a unique solution if and only if detA 6 0, and in this case we can explicitly write
down the solution as follows. Let A() be the matrix we obtain from A by replacingthe

known as Cramers rule.

Since similar matrices have the same trace and same determinart, it makes sense
to de ne the traceand determinant of a linear operator from a nite dimensiond vector
spaceto itself asthe trace and determinant of any matrix represeiing it. Onecan actually
give another characterization of trace and determinant over an algebrdcally closed e Id:
using the Jordan form, we seethe trace of a matrix or linear operator equds the sum
of its eigervaluesand the determinart of a matrix or linear operator equalsthe product
of its eigenvalues,where in both cases, we must count the eigervaluesaccoding to their
multiplicit .

Actually the trace and determinant are specid cases of a more generd collection of
functions. If A isamatrix (or T alinear operator), we de ne its characteristic polynomial
to be det(xl A) (or det(xid T)), wherethis polynomial is an elemen of F[x]. The
eigervaluesof A (or T) arejust the roots of this polynomial (with the samemultiplicit y);
the determinart is ( 1)" times the constant coe cient, and the trace is the additive
inverse of the coe cien t of x" 1.

Theorem 2.11 (Cayley-Hamilton theorem). Let A be an n n matrix with charac-
teristic polynomial p(x). Then p(A) = 0.

Pr oof . Dicult exercise u

When p(A) = O or p(T) = O wesay A or T satis es the polynomial p. The matrix
A or linear operator T may satisfy a polynomial of smaller degreethan the characteristic
polynomial: the monic polynomial of smdlest degree satised by A or T is called its
minimal polynomial. It divides every polynomial satised by A or T; in particular, it
divides the characteristic polynomial. One can shav that ewery eigervalue is a root of
the minimal polynomial, though not necessaily with the same multiplicit y as in the
characteristic polynomial.

Pr obl em 2.A. Let A be a matrix overthe eld F andlet E=F be an extension of
elds. Obviously the characteristic polynomial of A is the samewhen de ned over E as
whende ned over F: shaw this is alsotrue for the minimal polynomial.
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Remark 2.12. We sometimesmust deal with matrices whaose ertries come from an
arbitrary ring R. In caseR is commutativ e, the de nitio ns of determinant and trace we
have given still make senseand Proposition 2.10 and Theorem 2.11 remain valid, except
that Proposition 2.10(5) has to be modi e d to state that A ! existsif and only if det A
isaunit in R.

Unfortunately, thereis no good notion of determinant for matricesover a non-comnutative
ring.

3. Bilinear Forms

A bilinear form on a vectar space V isamap hti : V.V ! F which is linear in
ead variable separately, that is, which satises (i) v+ vewi = hv;wi + e wi, (i)

hv;wi = hv;wi, (i) viw+ wd = hv;wi + hv;wd, (iv) hv; wi = hv;wi for all
v;vew;wl2 VvV, 2 F. If hv;wi = hw;vi for all v;w 2 V, we say the form is symmetric,
and if If hviwi = hw;vi for al v;w 2 V, we say the form is skew-symmetric If

hv;vi = O for all v 2 V, we say the form is alternating. Any alternating bilinear form is
skew-symmetric; the corverseis trueif charF 6 2.

We say a bilinear form hti on V is nonsingularor nondegenerte if and only if thereis
nov 2V with hv;wi = 0 for all w2 V (this is equivalert to assuming thereisnov 2 V
with hw;vi = 0 for all w2 V).

ordered basisto bethe n  n matrix A = (hv;;v;i);; . The signi cance oféhisPe nition
P P 1
isthatif v=" " xjvy andw= [ yivi,thenh;wi= x5 ::: x, A@: A,

Yn
Example 3.1 On F", we cande ne a bilinear form by

X0
h(X1;:00 %) (Yo siniyn)il = XV

i=1

of this form is | .

The next proposition tells us what happensto the matrix whenwe change bases:note
that it is not the same as what happenswith a linear operator.

V, let P be the changeof basis matrix, let hyi be a bilinear form on V, and let A; B be
the matricesof i relative to thesetwo ordered bases. Then B = PAP T.

Pr oof . Exercise n

Wesay twon n matricesA; B are congruentif there is a nonsingula matrix P with
B = PAPT. Clearly congruenceof n  n matrices is an equivalencerelation. Just as for
matrices of linear operators, we have the following result.

Corollar y 3.3 Let hti be a bilinear form on V and let A be the matrix of ki
relative to an ordered basis of V. Then a matrix representshyi relative to someordered
basisof V if and only if it is congruentto A.

Pr oof . Exercise [ |
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Pr obl em 3.A. (1) Show that a bilinear form is nonsingular if and only if its ma-
trix (relativeto oneordered basis or relative to all orderedbase$ is nonsingula.

only if hvi;vji = § forall i;j. Shav that an orthonomal basis exists if and only
if the matrix of the form relative to a(ny) basis can be written in the form QQT
with Q nonsingular.
We now summaize without proof the resultson matricesof forms: this can be thought
of either as the problem of nding the \nicest" matrix which can represern a given form,
or of nding a canamical form for matrices up to congruence.

Theorem 3.4 Let ki be a symmetiic bilinear form on a nite dimensional vector
space V. Then there is an ordered basis of V relative to which the matrix of ki is
diagonal.

Equivakently, any symmetic matrix is congruent to a diaganal matrix.

Pr oof . Dicult exercise u

The questionof what entries canappea in the diagondized matrix of a form is a very
subtle one. We list the resultsin someimportant cases.

Theorem 3.5 LetF bea eld andV a nite dimensionalvector space over F.

(1) If F is algebaically closel, then there is up to isomorphism a unique nonsingular
symmetric form on V.

(2) If F is nite, there there are up to isomorphismtwo distinct nonsingular sym-
metric formson V.

(3) If F = R, then for any nonsingular symmetric form on V, there is an ordered
basis of V relative to which the form has a diagonal matrix with diagonal en-
tries of 1 and 1 only; moreover, the numkber of 1's and 1's determinesthe
form uniquely up to isomorphism. Thus up to isomorphism, there are dimV + 1
nonsingular symmetic forms on V.

Pr oof . Dicult exercise u

Theorem 3.6. Let V be a vector space of nite dimensionn. If n is odd, there is
no nonsingular alternating form on V, while if n is even, there is up to isomorphism a
unique nonsingular alternating form on V.

It followsthat two skew-symmetriamatrices of the samesizeare congruentif and only
if they havethe samerank.

Pr oof . Dicult exercise [

When working over the real or complexnumbers, there is another important concept
asseiated to bilinear forms. We begn with vector spacesover the real numbers.

A symmetric bilinear form h i onareal vedor spaceV is saidto be positive de nite if
hv;vi > Oforall nonzerov 2 V. This isequivalert to assaiming that i canberepreened
by the matrix | relative to someordered basisof V (just take an orthonomal basis). A
positive de nit e symmetric bilinear form is called an inner product The advantageof an
inner product is that we can dene the length kvk of a vectar v to be  hv;vi, and we
may then imitate the usual metric geanetry and andysis in Euclidean space. Note that
there is an inner product on any nite dimensionalreal vedor spaceV, nhamely the usual
dot product form.
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When we try to do the same thing over a complex vedor space,we nd that it
is impossibleto guarantee that hv;vi is always nonnegdive. In order to do complex
metric geanetry, we must in fact abandan the idea of a bilinear form. We dene a
map i :V V! C to beaHermitian form if iyi is linear in the rst variable, but
that scalas pull out conjugded in the seond variable, and if it is conjugae symmetric.
That is, the form must satisfy (i) hv + vewi = hv;wi + Wewi, (i) hv;wi = hv;wi,
(i) v;iw+ wld = hv;wi + hv;wd, (iv) hv; wi = hv;wi, (v) hv;wi = hw;vi for all
v;vVew;w®2 V, 2 F. A Hermitian form on a complex vedor space V is said to be
positive de nite if hv;vi > 0 for all nonzerov 2 V: sud a form is cdled an inner product
on V. Again, we can de ne the length kvk of avector v to be” hv;vi, and we may imitat e
the usual metric geometry and andysis in Euclideanspace.As for real vector spacesany
nite dimensional complex vector spacehas an inner product; for exagmple, the usual
complex version of the dot product form, h(zy;:::;zy); (Wi wa)i = 1L Zzw, is an
inner product on C".

The readershould be aware that there is same discrepancy in the de nit ion of Hermit-
ian forms. Same authors, including Artin, assime they are linear in the second variable
and conjugate linear in the r st variable.

Let (V; h;i) bearealor complexinner product space.A linearmap T : V! V issaid
to be positive de nite if hT(v);vi = hv;T(v)i > O for all nonzero v 2 V. Equivalertly,
A 2 M,(C) issaidto be positive de nite if A is Hermitian and the canonicd inner product
of Av and v is positive for all nonzerov 2 C".

Theorem 3.7. Let (V;h;i) be a real or complexinner product space.

() If T:V ! Visanonsingularlinear map,thenT T and T T are positive
de nite.

(2) If T:V ! V is a positive de nite linear map, then there is a unique positive
denite linear mapS:V ! V with S S=T. (So S is the \square root" of
T.)

Pr oof . Exercise n




Index of Deni tions

(n 1)-dimensioral projective space 77
F -algebra, 101

F-eld, 101

F-sub ed, 101

G-equivariant, 33

G-equivariant maps, 82

G-group, 32

G-set, 29

G-stable subset, 34

R-algebra, 33

R-bimodule, 32

R-module, 30

R-module homomorphism, 33

R-ring, 32

X X matrices, 46

X X matrix with entries from R, 15
p-Sylow, 71

p-adic integers, 45

p-adic numbers, 50

Abelian, 10, 48

action, 10, 29

adjoint, 85

adjugate, 142

algebraic closure, 112
algebraic extension, 102
algebraic integer, 86
algebraic number, 86
algebraic number eld, 105
algebraic over F, 102
algebraically closed, 112
algebraiclly dependent over F, 132
algebraiclly independent, 132
alternating, 144

alternating group, 69
antisymmetric, 4
Archimedean, 8

arithmetic functions, 47
as@nding chain condition, 5
automorphism, 16
automorphism group, 41
averaging over the group, 83

basis, 137
bi-acts, 31

147

bijection, 2

bilinear form, 144
binary operation, 10
Booleanring, 36, 47

canonical inclusion, 2

canonical projedion, 4, 38

carrier, 11

center, 33

centr alizer, 66, 70

chain, 6

changeof basismatrix, 141

character, 86

character table, 91

characteristic, 19

characteristic polynomial, 143

circle group, 40

class equation, 70

class function, 87

closed, 7

co-domain, 2

cocyle, 62

coecie nts, 137

commutati ve, 10, 12

commutator, 75, 94

compadt, 7

comparabilit y condition, 4

compatible, 5, 51

compatible with, 21

complete latti ce, 5

completely reducible, 82

complex generallinear group, 41

complex generallinear group of degree,41

complex rational function eld in one variable,
49

complex special linear group, 41

complex special unitary group, 42

complex unitary group, 42

composite, 134

composition, 2

congruence, 21

congruent, 68, 144

conjugacy class 70

conjugate subset, 23

conjugate transpose, 74



148

connected, 7
constart, 98
cortinuous, 7
cornvolution, 14, 46
courtable, 3
covers, 7

cubic, 98

cycle, 68

cycdle structure, 69
cydlic, 19
cyclotomic, 126

deconposable,83

degree,81, 86, 101

degreeof f , 98

des@nding chain condition, 5
determinant, 142
determinant of the system 143
diagonalizable, 141

dihedral group, 41

dilation, 68

dimension 81, 139

dimension of the character, 86
direct image, 3

direct product, 82

direct sum, 27, 53, 82
discriminant, 124

digoint, 68

distance function, 7

division ring, 50

dot product form, 144

doubly transiti ve, 77

eigenvalue, 141
eigenvector, 141
elementary divisors, 60
elementary matrix, 76
embedding, 20
embedding degree 117
endamorphism ring, 29
endamorphisms, 15
epimorphism, 2
equivalence class 4
equivalence relation, 4
equivalent, 82
Euclidean subeld, 106
even, 69
extensionobject, 18
external direct sum, 54

factor sd, 62
factors, 98
faithful, 66
Fermat prime, 107
bers, 4

INDEX OF DEFINITIO NS

eld, 12,49

eld homomorphism, 15

eld of algebraic numbers, 49
| ter, 27

nite, 101

n ite dimensional, 81

r st complex Weyl algebra, 47

x ed subeld of E relativeto G, 119

x ed subset, 67

formal derivative, 116

free, 66

Frobenius endomorphism, 115
fully ordered, 52

fundamental domain, 66

fundamental group of X relative to x, 43

Galois, 119

Galois closure, 135

Galois group, 110,119
Gaussian integers, 44
generallinear group, 41, 140

generallinear group of degree, 41

glidere ection, 67
greateg element, 5
greateg lower bound, 5
group, 10, 40

group homomorphism, 15
group law, 43

group of a ne transformations, 42

group of the n-gon, 41
group operation, 10
group ring, 14

group with operators, 43
groupoid, 39

Haar measure, 92
hasall of its roots, 108
Hermitian form, 146
homeororphism, 7
homogeneous66

homomorphism betweentwo representations, 82

homomorphism of G-sets, 33
homomorphisms, 15

ideal, 23

idempotent, 58
identity, 2

image, 2, 3

imbedding, 20
incidencering of , 46
indecomposable, 56, 83
injective, 2

inner product, 145,146
inseparable, 117
integral, 44



INDEX OF DEFINITIO NS

integral group, 47
internal, 53

internal direct sum, 54, 57, 140
internal projection, 38, 58
intertwining maps, 82
invariant, 82

invariant factors, 60
inverse,16

inverseimage, 3
invertible, 2

involution, 74

irreducible, 82, 98, 103
isomorphic, 16
isomorphism, 16, 33, 82

Jordan block with eigervalue , 142
Jordan form, 142

kernel, 23, 24, 66
kernel relation, 21

latti ce, 5

Laurent polynomial ring, 45
Laurent series eld , 50
Laurent seriesring, 45
leading coe c ient, 98

leag upper bound, 5

left cancdlable, 3

left congruencemodulo, 22
left coset, 22

left invertible, 2

left near ring, 48

Lie algebra, 51

Lie bracket, 51

Lie product, 51

Lie ring, 51

linear, 98

linear G-set, 32

linear combination, 137
linear fractional transformation, 42
linear map, 33

linear operator, 140

linear representati on, 32, 81
linear transformation, 33
linearly dependent, 137
linearly independent, 137
loop, 39

lower bound, 5

lower sanmilattice, 5

Mwobius tran sformation, 42

magma, 39

matrix of T, 141

matrix of the form relative to this orderedbass,
144

matrix unit, 76
maximal, 35, 99
maximal element, 5
maximal It er, 27
maximum condition, 5
metric, 7

metric space 7
minimal, 103

minimal element, 5
minimal polynomial, 143
minimum condition, 5
monic, 98
monogenic,19
monoid, 11, 40, 47
monoid ring, 14
monomorphism, 3
morphisms, 15
multi-in dex, 13

multip le, 116

multip licity, 116

non-triv ial, 137
nondegenerate, 144
nonprincipal, 27
nonsingular, 144
normal, 22,110, 142
normalizer, 71
number eld, 105

odd, 69

one-to-one,2

onto, 2

open sets 7

operator domain, 43
orbit, 66

orbit space, 34

order of x, 19

order relation, 4

ordered bass, 141
orthogonal group, 42,73
orthogonal group relative to b, 73
orthonormal, 145

Pappus con gu ration, 39
partial order, 4

partiall y ordered eld , 52
partiall y ordered group, 52
partiall y orderedring, 52
path algebra, 47

perfed, 117

poly-P extension, 106
poly-Abelian, 127,136
polycyclic, 127
polynomial, 97

polynomial function, 13, 97

149



150

polynomial ring, 44
polyquadratic, 106

polyradical extension, 128
post, 4

postive de nite, 145,146
power seriesring, 45

power set, 3, 27

preimage, 3

preorder, 4

prime, 19

primitiv e n™ root of unity, 125
principal, 27

projection, 58

projective special linear group, 75
proper, 18, 27, 35

pseucbring, 12, 47

guadratic, 98, 106

quartic, 98

qguasigroup, 39

guaternion group, 40

quaternions, 44

quintic, 98

guotient simple, 24

guotient space of A relativeto , 4

radical extension, 128

radical tower, 128

rank, 140

rati onal quaternions, 44

real number elds, 105

real orthogonal group, 42

real spedal orthogonal group, 42
real symplectic group, 42
reducible, 82

reexive, 4

regular representation, 32, 70
regular representation of G, 89
relatively prime, 98

repeated, 116

representation, 30, 31

resolvent cubic, 124

regricted product, 27
redriction, 2

right cancellable, 2

right congruence, 22

right cosd, 22

right invertible, 2

right nearring, 48

ring, 11, 44

ring homomorphism, 15

ring of di erertial operators on, 47
ring of formal power saies, 14
rng, 12, 47

root, 98

INDEX OF DEFINITIO NS

root of unity, 125
root tower, 128

satis es 143

salar matrix, 94

samidirect product, 61
samigroup, 11, 40

samigroup with idertity, 11
samiring, 48

separable, 116,117
separable closure, 118
separable degree 117
similar, 68, 141

simple, 82,104

simple group, 61

simple radical extension, 128
simple root, 116

skew eld, 50
skew-symmetric, 69, 144
smallest, 19

solvable, 136

solhvable by radicals, 128
solhvable groups, 127

span, 137

spans, 137

spedal linear group, 41
spedal orthogonal group, 42, 73
splits completely, 108
splitting eld, 108,113
stabilizer, 66

stable, 66, 82

standard bass, 137

sub €d, 18

subgroup, 17

submaodule, 34

subnormal series, 127
subobject of A generatedby X, 19
subobject simple, 24
subrepresertati on, 82
subring, 18

subspae, 34

support, 14, 27, 68
surjective, 2

symmetric, 4, 144
symmetric di erence, 36
symmetric group, 29, 41
symmetric group on n letters, 29
symmetric polynomial, 69
symmetry, 67

symmetry group, 41
symmetry group of X , 68
symplectic group over F, 42,74

target, 2
the standard basis, 67



topological space, 7

total order, 4

total ly ordered, 6, 52
tower of elds, 101
trace, 142

transcendence bass, 132
transcendence degree, 132
transcendental, 102
transitive, 4, 66

tran sposition, 69

trivial, 16, 68, 137

tri vial action, 65

tri vial decompositions, 54
tri vial subgroup, 18

ultra lter, 27

ultraproducts, 28

unary operation, 10

underlying sd, 11

unitary, 84

unitary group of F relative to, 74
upper bound, 5

upper samilattice, 5

vedor space,31

well-ordered, 5
Witt index, 76

zero, 98
zeo ring, 12

INDEX OF DEFINITIO NS

151



