6. FACTORIZATION IN QUADRATIC NUMBER RINGS

The material in this section forms part of Chapter 11 of Artin.

In the previous section we proved a unique factorization theorem for Euclidean domains.
In this section we will consider the particular integral domains Z[y/n] and their relatives.
In the next section we will consider other integral domains. Let us begin with some
terminology. An integral domain R is called a unique factorization domain, abbreviated
UFD, if
(existence) Every nonzero a € R can be written a = ¢p; - - - py for some unit ¢ € R, some

k > 0, and some irreducible elements py,...,px, and
(uniqueness) Such a factorization is unique in the following sense. If also a = dg; - - q¢
where d is a unit and ¢, ..., g, are irreducible, then k = ¢ and we can re-number the ¢’s
so that p; and ¢; are associates for each 1 =1,... k.

Thus our main theorem in the previous section states that a Euclidean domain is a
UFD. The converse to this statement is false, as we indicated in the last section: if F' is
a field, then F[z,y] is a UFD but not a Euclidean domain. We will not prove F[z,y]| is
a UFD until the next section, however.

At the end of this section we will give some examples of the use of factorization in
solving Diophantine equations, that is, polynomial equations for which we desire integer
solutions. The reader may find it interesting to read those examples before reading the
rest of the section.

Not all integral domains are UFDs. The rings Z[y/n] provide excellent examples of this.
When n < 0, these rings are only UFDs if they are Euclidean rings, i.e., if n = —1, —2.
Part of the reason, however, is that these are not always quite the right rings to look at.
When n > 0 it is not known for precisely which n the ring Z[y/n] is a UFD or a Euclidean
domain.

The tool we need when studying the quadratic extension Z[y/n] is the norm, which
is defined to N(a + by/n) = (a + by/n)(a — by/n) = a* — nb*>. This is well-defined as
long as n is not a perfect square, which we will always assume. When n < 0, we have
N(z) =|z*> > 0, but when n > 0, we allow the norm to be negative, and N(z) is no longer
related to |z|. Note that N has the property that N(zw) = N(z)N(w) and N(z) =0 iff
z=0.

Since we will be concerned with associates, let us first identify the units of Z[/n].
Suppose z = a + by/n, w = ¢+ dy/n, and zw = 1. Then 1 = N(1) = N(2)N(w).
This implies either N(z) = N(w) = 1 or N(z) = N(w) = —1. The converse is almost
immediately true, so we see that z is a unit iff N(z) = £1.

If n < 0, the only possibility is N(z) = 1, which requires a* + |n[b? = 1. If n < —1,
this can only happen if a = £1, so +1 are the only units of Z[\/n] if n < =2. If n = —1,
the units are 41, 4.

If n > 1, the situation is quite different. If n is squarefree (not divisible by any square
greater than 1), then there are infinitely many units in Z[y/n]. This result is perhaps not
as surprising as it seems, since if z is a unit with |z| # 1, the powers 2* of z, k € Z, will
be distinct units. Thus the difference between 1 and oo is less striking than the difference
between 0 and 1. In fact, if n is square and n # 5 (mod 8), then there is a unique unit
u € Z[y/n] such that u > 1 and all units of Z[\/n] are given by 4u* for k € Z. This may
still be true if n =5 (mod 8); I'm not sure.

As an example, u =1+ V2 is a unit in Z[\/ﬁ], whence any power u
the units of Z[v/2] are the numbers +u*, k € Z. You might compute some powers u

and see if there is a pattern in the coefficients.
1

k is a unit. In fact

k



Let us study the case n = —3 in more detail.

Let R = Z[v/=3]. We can write 4 = 2-2 = (1 4+ v/=3)(1 — v/=3). We will show
2,14 /=3 are all irreducible but none of them are associates. This will prove that R is
not a UFD.

As we saw above, the only units in R are +1, so none of the elements listed are
associates of each other. Note that all elements have norm 4. Suppose N(z) = 4, and
we can factor z = zy. Then 4 = N(z) = N(z)N(y), whence either N(z) = N(y) = 2
or one of N(z), N(y) = 2. But if x = a + by/=3 and 2 = N(z) = a® + 3b*, we have an
impossible situation. Thus N(xz) = N(y) = 2 is impossible. This proves that z € R is
irreducible if N(z) = 4. That completes the proof that 4 =2-2 = (1 ++/=3)(1 — /=3)
gives two distinct irreducible factorizations of 4 in R. Thus R is not a UFD.

We now follow an idea of Kummer’s. Perhaps R is not the right ring. Perhaps if we
add a few more elements, we can change the above distinct factorizations into the same
factorization. This can be done by adding some units or by adding some common factors
of 2 and 1+ +/=3. Define § = (=1 ++/=3)/2 and let S = Z[§] = {a+ b | a,b € Z}:
this is a subring of C. Note that § = ¢>™/3 is a primitive cube root of unity. The original
R = Z[\/-3] is a proper subring of S, since v/—3 = 1+ 2§.

The norm N(z) = |z|? makes sense on S and takes on non-negative integer values.
Using the norm we can show that the units in S are 1,8,0% = §. We can also show that
2,1 ++/-3=2+20,1—+/-3 = —26 are still irreducible. However, they are now all
associates of each other (verify!). Thus the two factorizations 4 =2 -2 = (1 +/=3)(1 —
Vv/—3) are “the same”.

In fact, one can show that S = Z[d] is a Euclidean domain with o(z) = N(z) as its size
function.

How did we know to choose § to replace /—3? The answer requires us to take a
detour. A complex number z is called an algebraic number if it is the root of some
nonzero polynomial p(z) € Z[z], that is, if it satisfies a polynomial equation with integer
coefficients. If we can choose the polynomial p(xz) € Z[z] to be monic, we say z is an

algebraic integer. For example, v/2 is an algebraic integer, 3 is an algebraic number that

is not an algebraic integer, and e, are not algebraic numbers. (The proof of this last
claim is not trivial.) Likewise § = (—1 + /—3)/2 is an algebraic integer: it is a root of
the polynomials 2® — 1 and 22 + z + 1.

The elements of Q that are algebraic integers are simply the ordinary integers. It turns
out that a ring Z[y/n], and many similar rings, cannot be a UFD unless it contains all
the algebraic integers in its fraction field Q[y/n]. We will show this now.

A ring made up entirely of algebraic integers is called a ring of algebraic integers and
a ring made up entirely of algebraic numbers is called a ring of algebraic numbers.

Let R be a ring of algebraic integers, with fraction field F'. We can think of F' as a
subfield of C, and one can show that F' is a field of algebraic numbers. The set of all
algebraic integers in F' forms a subring containing R (this is not obvious): we call this
ring the integral closure of R. We say R is integrally closed if R is its own integal closure.

Said differently, a ring R of algebraic integers is integrally closed if whenever a,b € R

and — is an algebraic integer, then — € R, that is, a|b in R.
a a

Proposition 6.1. Let R be a ring of algebraic integers that is a UFD. Then R is integrally
closed.

Proof. In this proof we will use some results that will not be proved until the next section.
These results depend on unique factorization and are analogs of results that hold in Z;
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as such they should at least appear reasonable. (But of course they should not be taken
for granted: they must be proved at some point.)

Suppose R is a UFD with fraction field F' and ¢ € F is an algebraic integer. Then
there is a monic polynomial f = 2" + a,_12" ' + - - + a1 + ag with integer coefficents
such that f(q) = 0. Since R is a UFD, we can write ¢ = a/b for some relatively prime
a,b € R. If we substitute a/b for ¢ in the equation f(¢) = 0 and clear fractions, we
obtain a™ + a,_1a" b+ - - - + ajab™t 4 apb™ = 0. Every term that appears after a® has
a b in it, so we see that bla". Since a,b are relatively prime, this is only possible if b is a
unit. Thus ¢ = a/b = ab™! € R. This proves R is integrally closed. ]

Remark 6.2. The notions of “integral”, “integral closure”, and “integrally closed” can
be defined for arbitrary integral domains R, but the definition is a bit different in general.
With the general definition, one can still prove Proposition 6.1 in essentially the same
way.

We now return to the ring R = Z[v/—3]. As noted above, § = (=1 + 1/=3)/2 is an
algebraic integer, and it is in the fraction field Q[v/—3] of R. By Lemma 6.1, this proves
R cannot be a UFD. In fact, Z[4] is the integral closure of R, and it is a Euclidean domain
and hence a UFD.

The converse of Lemma 6.1 is not true: we will see below that an integrally closed ring
of algebraic integers need not be a UFD.

1—
For arbitrary n, let § = (£1 + /n)/2. Then §% F § + Tn = 0. This polynomial is

integral only if n =1 (mod 4). It turns out — it’s not obvious — that ¢ is an algebraic
integer precisely when this polynomial is integral, i.e., precisely when n =1 (mod 4). It
also turns out that such elements are the only algebraic integers we are missing. We sum
up several facts in the next proposition.

Before stating the proposition, we need one more definition. An integer n is squarefree
if there is no prime number p such that p*|n.

Proposition 6.3. Let n be a nonzero integer. Then there are unique integers k,m with
k>0, m squarefree, and n = k*m.
(1) The fraction field of Z[\/n] is (isomorphic to) Q[v/n] = Q[v/m].
(2) The integral closure of Z[\/n| is Z[\/m] if m = 2,3 (mod 4) and is
{a+bym|a,beZ ora=A/2,b=B/2 for odd A,B€Z} if m=1 (mod 4).
(3) The integral closure of Z[\/n] is Z[0], where § = \/m if m = 2,3 (mod 4) and
d=(-14+v/m)/2 if m=1 (mod 4).

Proof. Exercise. [ ]

Let us now consider R = Z[/—5]. This is an integrally closed ring of algebraic integers
by Proposition 6.3. However, it is not a UFD. To see this, note that 6 = 2-3 = (1 +
v=5)(1 — v/=5). The norms of these four factors of 6 are 4,9, 6,6 respectively. If any of
these factors were reducible, the factors in their factorizations would have to have norms
2 and 3. The equation a? + 5b®> = k cannot be solved for a,b € Z if k = 2,3, so there are
no such elements. This proves 2, 3,1 4 /=5 are irreducible. Since +1 are the only units
in R, none of them are associates. Thus these are two different factorizations of 6, and
so R is not a UFD.

Can we still apply Kummer’s idea: introduce more numbers to cause these factorizations
to be the same? Of course we can: we can always go to Q[v/—5], where everything is a
unit, but we lose all information about factoring in this way. Kummer’s approach was
to introduce what he called “ideal numbers”. Kummer did not necessarily work in this
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particular ring, but his idea would have been to introduce common prime factors of 2
and 1 + /=5, for example. These ideal numbers were a bit tricky, and Dedekind came
up with a much better idea: instead of considering an individual number a, consider all
multiples of a. This is the ideal aR, and Dedekind’s insight led to the notion that the
ideal numbers may correspond to ideals in R that are not principal. This idea of adding
extra objects which are sets of numbers is similar to the construction of the real numbers
from the rational numbers by Dedekind cuts. The term “ideal” originates with Dedekind’s
formalization of Kummer’s ideal numbers.

In fact, one can prove that if R is an integrally closed ring of algebraic integers that
is not too big in the sense that its fraction field F' is finite dimensional over Q, then
unique factorization of ideals as products of prime ideals (an ideal I is prime if ab € [
implies a € I or b € I) holds in R. We don’t even have to worry about associates with
this approach, since if a,b are associates, aR = bR. In his honor, rings of this sort (we
can generalize these ideas to a much larger class of integral domains) are called Dedekind
domains.

We close this section by presenting some examples of how factorization can be used to
study Diophantine equations.

Example 6.4. The first example is a fairly simple equation, but the analysis turns out
to be quite complicated. This is typical of number theory, where seemingly small details
often turn out to be crucial.

Let us try to solve the equation y® = 2 — 1 for integers z,y. Three solutions are
immediate: (x,y) = (0,—1) and (z,y) = (£1,0). We will show that (0,—1) is the only
solution with x even. It seems likely that the above is a complete list of solutions, but we
will not prove that.

If (x,y) is a solution, so is (—z,y). Thus to find other solutions, we may assume
r>2. Writey? =22 —1=(x—1)(z+1) and let d = gcd(z — 1,2+ 1). Then d divides
rz+1—(x—1)=2,80d =1or d=2. It is easy to see that if z is even ged(z—1,2+1) =1
and if z is odd, then ged(x — 1,2+ 1) = 2. To proceed we need a lemma; this lemma and
its generalization to other UFDs, which we will give below, are very useful.

Lemma 6.5. Let a,b,c,n be positive integers with c™ = ab.

(1) If ged(a,b) = 1, then there are relatively prime positive integers r,s with a = r",
b=s".

(2) If ged(a,b) = 2, then there are relatively prime positive integers r,s such that
either a = 2r", b=2""1s" or a =2""4", b = 2s".

Proof. (1) We will just sketch the proof. Every prime factor p that occurs in ¢" occurs
to the power kn for some positive integer k. Since ged(a,b) = 1, the prime factor p can
only occur in one of a,b, and it occurs to the power kn in whichever of a,b it occurs. It
follows that every prime factor in either a or b occurs to a power kn for some k. Thus
a, b are perfect nth powers, as required.

(2) Exercise. u

We have y* = (z — 1)(z + 1). Suppose first that z is even. Then the lemma tells us
x—1=1r3 x4+1 = s for some positive integers r, s. Thus s> —r3 = 2, which is impossible
for positive integers 7, s (because cubes grow too fast). Thus y* = 2% — 1 has no solutions
for even x except (0,—1).

Next suppose z is odd, say x = 2n+ 1. Then ged(z — 1,z + 1) = 2, so the lemma tells
us that there are positive integers r, s with either 2n = 213, 2n + 2 = 453 or 2n = 4r3,
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2n + 2 = 2s%. Thus we must have either 2s® = 73 + 1 or s* = 23 + 1. Changing the
names of the variables, we are left with the equations 2a® = b® + 1.

The equation 2a®> = b® + 1 has the solution (a,b) = (1,1) and 2a®> = v* — 1 has the
solution (a,b) = (1,—1). We leave it to the reader to determine whether there are any
other solutions.

Note if the original equation were y3 = 422 — 1, the above methods would show that
(0, —1) is the only solution.

Example 6.6. Let us now consider the Diophantine equation y* = 22 4+ 1. We will show
that x = 0,y = 1 is the only integer solution to this equation.

If x is odd, then 22 +1 =2 (mod 4) and of course y must be even. But then y* =
(mod 4). Thus x must be even and y must be odd: in fact, we must have y =1 (mod 4).

We are interested in integer solutions z, but the right hand side tempts us to expand
our ring to Z[i]. In that ring, we can write y®> = (z +4)(z — i). We know Z[i] is a UFD,
so we can speak of d = ged(x + 4,2 —i). Now d divides z +i — (z —i) = 2i, so d|2 in
Z[i]. Up to associates, this implies d is 1, 147 or 2. We can’t have d = 2, since 2 does
not divide x + 4. Now (a + bi)(1+4) = (a — b) + (a + b)i. From this formula, one can
see that 1 + ¢ divides x + ¢ iff x 4+ 1 is even. But we saw above that x is even, so this is
impossible. Thus x4+, x — ¢ are relatively prime. We now need the analog of Lemma 6.5,
which would enable us to conclude z + i is a perfect cube in Z[i]. Unfortunately, the
existence of units requires us to modify this statement slightly.

Lemma 6.7. Let R be a UFD, let a,b,c € R, let n be a positive integer, and suppose
a,b are relatively prime. If ¢ = ab, then there are relatively prime r,s € R and a unit
u € R with a =ur™, b=u"ts".

Proof. Exercise. ]

Since y* = (z+i)(x—1) and ged(z+i, x—i) = 1, the lemma implies that x+i = u(a+bi)?
where u = +£1, 47 and a,b € Z. Since a — can be absorbed into the cube, we only need
to consider the cases u = 1, u = i. Note that (a + bi)* = (a® — 3ab?) + (3a®b — b%)i.

If u =1, we have z+i = (a®—3ab?)+(3a*b—1?)i, so x = a(a®—3b*) and 1 = b(3a®>—b?).
This forces b = +1 and 3a? — 1 = £1. This can only happen if @ = 0,b = —1, which
implies = 0. Thus we only get one solution this way, (z,y) = (0,1)

If u = i, we have z+i = (—3a*b+b%)+(a®*—3ab?)i, so x = b(b*—3a?) and 1 = a(a*—3b?).
This forces a = +1 and +1 = (1 — 3b?). This can only happen if a = 1, b = 0, which
yields the solution (z,y) = (0, 1) again. Thus this is the only solution to y® = 22 + 1.

Remark 6.8. This raises the question of just what values y* — 22 can take on when
x,y € Z. Such questions are common in number theory, and some can be solved in an
elementary way, while others are extremely difficult, even intractable. Use MAPLE or some
other means and see if you can make a guess in this case.

There are many other examples of the use of factorization in rings of algebraic integers.
The most famous involve attempts to prove Fermat’s Last Theorem. Let us consider the
case n = 3. We wish to solve 2% = 23 + % = (z + y)(z + 0y)(x + 6%y) where § = e*7/3,
The ring Z[6] is a Euclidean domain and hence a UFD. Using Lemma 6.7 we can conclude
that o + vy, = + yd are perfect cubes times a unit §/ where j = 0,1,2. One can use this
to show x = 2,y =0; y = z,2 = 0; x = —y, z = 0 are the only solutions, although a lot
of extra work is required.

Some people speculate that this is the idea Fermat had in mind when he claimed this
result in the margin of his copy of Diophantus’s book. We can never know if that was the
case, but much later, this method was used to attack the proof. However, it turns out
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that the appropriate rings (the rings generated by Z and ¢*™/") are rarely UFDs, and so

it is not possible to use exactly this approach.

What are the irreducible elements in R = Z[y/n] or R = Z[0], at least when R is a UFD?
For example, if p is a prime integer, is p irreducible in R? The answer cannot always be
“yes”, since for example in R = Z[i], we have 2 = (1 +14)(1 —4) and 5 = (24 4)(2 — 1).
On the other hand, the reader can verify that 3 is irreducible in Z[:].

Assume n is not a perfect square and let R = Z[d], where either § = \/n or § =
(=1 ++/n)/2 if n =1 (mod 4). (In these cases N(z) is always an integer.) Suppose
z € R and N(z) = +p where p is a prime integer. Then z is clearly irreducible, since
z = xy implies £p = N(x)N(y), which in turn implies one of N(z), N(y) is £1. So one
source of irreducible elements are those z for which |N(z)| is prime.

Suppose p is a prime integer: then N(p) = p*. If p is not irreducible, then we can
write p = xy where N(p) = N(x)N(y) where N(xz) = N(y) = £p. Thus we are again
led to the question of whether N(z) = +p is possible. This translates to a question from
number theory. When 0 = /n, the question is: if p is a prime, are there a,b € Z with
a’? —nb* = £p? When n =1 (mod 4) and 6 = (=1 + /n)/2, the question is: if p is a
prime, are there a,b € Z with a® — nb? = +4p. (The 4 occurs in the latter case because
we allow A/2 + (B/2)y/n with A, B odd; verify this.)

Remark 6.9. The general number theoretic question just alluded to is the following:
given an integer n, for which integers m can we solve the equation a? — nb* = m for
integers a, b?

Recall that a non-zero, non-unit p in an integral domain is usually called prime if it has
the property that p|ab implies p|a or p|b. The following problem gives an equivalent
definition of “prime”, which we will need.

Extra Problem 6.1. Let R be an integral domain and let p € R be nonzero. Prove
that p is prime if and only if the ring R/pR is an integral domain.

Proposition 6.10. Let n be an integer that is not a perfect square, and let § = \/n or
(if p=1 (mod 4)) 6 = (=14 +/n)/2. In the first case, let f = x? —n and in the second

1
case, let f=x*>+x + Tn Let R = Z[4].
Let p be a prime integer and let f be the polynomial obtained by reducing f modulo p.

_ _ 1— _
That is, f=a2?> -7 or f =22+ 2+ (Tn) Then p is prime in R if and only if f has
no 1oots in Z,.

Proof. We have R = Z[0], where ¢ is a root of the monic quadratic polynomial f € Z[x]
listed in the statement of the proposition. Moreover, if (f) = fZ[z] is the ideal of Z|[x]
generated by f, then R = Z[x]/(f). (Verify this using the division algorithm.)

We wish to determine whether p is prime in R. By Extra Problem 6.1, we can determine
this by checking whether R/pR is an integral domain. If we let (p, f) denote the ideal
pZlx] + fZ[x] of Z[zx] generated by p, f, then it is not hard to see (using the Third
Isomorphism Theorem) that R/pR = Z[z]/(p, f) = Z,[x]/(f), where f is the reduction
of f modulo p. Invoking Extra Problem 6.1 again, we see that Z,[x]/(f) is an integral
domain if and only if f is prime in Z,[z]. Since Z,[z] is a UFD (it’s a Euclidean domain),
f is prime iff it is irreducible. Since f is a quadratic polynomial over the field Ly, 1t is
irreducible iff it has no roots in Z, (verify!). =

Corollary 6.11. Let n be an integer that is not a perfect square, and let p be a prime
integer. Then p is prime in Z[\/n] if and only if W has no square root in Z,.
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Proof. Exercise. ]

Suppose that p € Z does not remain prime in R = Z[d]. If R is a UFD, this implies
that p is not irreducible, and hence that N(z) = £p for some « € R. If R is not a UFD,
we cannot make this conclusion, since an irreducible element can fail to be prime. That
reduces the force of the number theoretic corollary we can now obtain, as we must assume
a certain ring is a UFD.

Corollary 6.12. Let n be a squarefree integer and let p be a prime integer.

(1) Suppose n = 2,3 (mod 4) and suppose that Z[\/n] is a UFD. Then we can solve
the equation a* —nb* = £p for integers a,b if and only if we can solve the equation
r? =n (mod p) for an integer x.

(2) Suppose p =1 (mod 4), let 6 = (=1 + +/n)/2, and suppose that Z[0] is a UFD.
Then we can solve the equation a®> — nb®> = +4p for integers a,b if and only if we

-n
can solve the equation x> +x + —— =0 (mod p) for an integer x.

4

Proof. Exercise. [

Since Z[i], Z|v/=32], Z[_1+T\/__3

Corollary 6.13. Let p be a prime integer. Then the following statements are true.

| are UFDs, we get the following corollary.

(1) There exist integers a,b € Z with a* + b* = p if and only if —1 has a square root
n L.

(2) There exist integers a,b € Z with a®+ 20*> = p if and only if —2 has a square root
n L.

(3) There exist integers a,b € Z with a* + 3b*> = 4p if and only if > +x+ 1 =0 has
a solution in 7Z,.

Proof. Exercise. [ ]

If we add a little number theory to the above, we get the following result.
Corollary 6.14. Let p be a prime integer. Then the following statements are true.

(1) There exist integers a,b € Z with a®> +b* = p if and only if p =2 or
p=1 (mod 4).

(2) There exist integers a,b € Z with a® + 2b*> = p if and only if if p =2 or
p=1 (mod 8) or p=3 (mod 8).

(3) There exist integers a,b € Z with a®> + 3b*> = 4p if and only if p =3 or
p=1 (mod 3).

Proof. Exercise. u

Can we say anything about the non-integer primes of R = Z[6]? We saw above that z
is irreducible if |[N(z)| = p is prime. Thus whenever we cannot solve a* — nb?> = +p, or
a’* —nb?> = +4p when n =1 (mod 4) and ¢ = (—1 + \/n)/2, we have z irreducible.

Suppose that z = a + by/n € R is prime and define z* = a — by/n € R, so that
N(z)=zz*. (f § = (=14 +/n)/2 and z = a+ bd, then z* = (a — b) — bd.) Since N(z)
is an integer, we can write zz* = N(z) = +p; - - - p for some prime integers py, ..., pg.
Since z is prime, this implies that z divides some p; in R. Let us set p = p;. It follows
that N(z)|N(p) = p*. Thus N(z) is &p or +p?. If N(z) = £p?, then we have p = wz
and p?> = N(p) = N(w)N(z) = £N(w)p?, whence w is a unit. Thus if N(z) = £p?, 2
must be an associate of p.

We can sum up our conclusions as follows.
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Proposition 6.15. Let n € Z be squarefree. If n = 2,3 (mod 4), set 6 = \/n and if
n=1 (mod 4), set 6 = (—1+ /n)/2. Assume that Z[6] is a UFD.

The irreducible elements of Z[0] are the associates of the prime integers that remain
prime in Z[0] (those p for which N(z) = %+p is impossible) and the elements z = a + bo
such that N(z) = +p for some prime integer p.

In particular, every prime integer either remains prime in Z[d] or factors as a product
of two primes (which may be associates). The primes that occur in the previous sentence
are all of the irreducible elements in Z[0], up to associates.

Proof. Exercise. [

Problem 6.A. Show that the following is a complete list of irreducible elements in Z[i],
up to associates. (Each element on the list has 3 other associates.)
(1) 1414;
(2) Prime integers p with p =3 (mod 4);
(3) The numbers a + bi and a — bi, where a,b are positive integers such that a? + b?
is prime and a > b. There is a unique pair (a,b) with these properties and with
a’ + b? = p for every prime integer p with p =1 (mod 4).
For example, the irreducibles in Z[i] of absolute value at most 7 (norm less than 50)
are — up to associates — 1+, 241, 3, 3+ 20, 4+4¢, 5+2i, 64+, 5+4:, 7.
Another way to state the result is: every prime integer p = 3 (mod 4) remains ir-
reducible in Z[i], while every other prime integer p factors as p = ¢g, where ¢,q are
non-real irreducible elements of Z[i]. The elements ¢, q are associates only if p = 2. This
is a complete list of the irreducible elements of Z[i] (up to association). We sometimes
state (part of) this conclusion as: primes congruent to 3 mod 4 remain prime in Z[i],
while other primes split. The prime 2 is special, since it can be factored as —i(1 + )
we say 2 ramifies in this extension of 7Z.

Other problems:
Problem 6.B. Let n be a nonzero integer.

(1) Prove that there are unique integers k, m with & > 0, m squarefree, and n = k?m.
(2) Prove that the fraction field of Z[y/n] is (isomorphic to) Q[v/n] = Q[\/m].
(3) Tt is a fact that the integral closure of Z[\/n] is Z[y/m] if m = 2,3 (mod 4) and is
{a+by/m|abeZora=A/2,b=DB/2forodd A,BeZ} if m=1 (mod 4).
You can assume this or prove it if you're ambitious.
(4) Prove that the integral closure of Z[\/n] is Z[0], where 6 = /m if m = 2,3
(mod 4) and § = (—1++/m)/2 if m=1 (mod 4).
Problem 6.C. Let a,b,c,n be positive integers with ¢” = ab. If ged(a,b) = 1, prove
that there are relatively prime positive integers r, s with a =", b = s".
Problem 6.D. Let R be a UFD, let a,b,c € R, let n be a positive integer, and suppose
a, b are relatively prime. If ¢ = ab, prove that there are relatively prime r,s € R and a
unit v € R with a = ur™, b = u='s".
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