
CHAPT ER 3

SOME CONSTR UC TIONS FOR COM MU TATIVE RINGS

In this chapter, we discuss some generalconstructions for commutativ e rings. The

�rst is the construction of the quotient �eld of an integral domain. This �na lly givesus

a formal construction of Q from Z. It also shows that several result s from the previous

chapter are valid for an arbitra ry UFD.

The secondconstruction is a sort of dual to the notion of subring. A subring S

of a ring R is a subset, which corresponds to a one-to-one function from S to R. Is

there any notion that corresponds to a map from R onto another ring T ? It turns out

there is, and this leads us to the notions of quotient ring, congruence,and ideal. This

gives us another construction of the integers mod n. These ideas also give rise to the

isomorphism theorems, which mostly relate two rings connectedvia a homomorphism.

The First Isomorphism Theorem is the most powerful tool we have for showing two rings

are isomorphic.

We alsodiscussthe use of ideals in factorization problemsin Sections2 and 4.

1. Fracti on Ri ngs

In Section4, we de�ned what it meant for a ring to be a fraction ring of a subring.

In this section,we show that given a suitable subsetof the original ring, one can always

construct a ring of fractions. In particular, if R is an integral domain, it has a �e ld of

fractions.

To emphasizeour goal in this chapter, let us call a subset C of R a denom inat or

set if it contains 1, it is closedunder multiplicat ion, and it consistsentirely of non-zero-

divisors. We will construct a ring of fractions RC� 1 with elements r=c for r 2 R, c 2 C,

whence the elements of C becomesunits in RC� 1. The �rst thing to understandis when

two fractions r=c and r 0=c0 should be equal: the obvious answer is when rc0 = r 0c.

Remark 1.1. It is important in the study of commutat ive rings to allow the set C

to have zero divisors. We will not consider that casehere, but the reader who studies
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122 3. SOME CONSTRUCT IONS FOR COMMU TATIVE RING S

commutative algebrafurther will see that the de�nitio ns below needto be altered to deal

with the general case.

With that as motivation, we make the following de�nition. On the set R � C, we

de�ne a relation � by (r; c) � (r 0; c0) if r c0 = r 0c. This is easilyseen to be an equivalence

relation. (Verify! ) We denote the equivalence classof (r; c) under � by r=c, and we

de�ne RC� 1 to be the set of all equivalenceclassesr=c with r 2 R; c 2 C. We wish to

show RC � 1 is a ring in which the classesr=c correspond to fractions in a natural way.

We de�ne two binary operations + and � on RC� 1 by r=c+ s=d= (rd+ sc)=(cd) and

r=c� s=d= (r s)=(cd). We �rst show that theseoperations are well-de�ned. We give the

details for + ; those for � are easier.

Let r=c= r 0=c0 and s=d= s0=d0, so rc0 = r 0c and sd0 = s0d. Then

(rd + sc)c0d0 = rc0(dd0) + sd0(cc0) = r 0cdd0+ s0dcc0 = (r 0d0+ s0c0)cd:

Thus (rd + sc)=(cd) = (r 0d0+ s0c0)=(c0d0) . This proves + is well-de�ned.

Once we know they are well-de�ned, it is easy to check that + ; � are associativ e,

commutative operations with identities (0; 1) and (1; 1) respectively. Moreover, � is dis-

tribut ive over + . We also have r=c+ (� r )=c = (r c � r c)=c2 = 0=c2 = 0=1. This shows

that we have de�ned a commutativ e ring structure on RC� 1.

Theorem 1.2. SupposeC is a denominator set in a commutative ring R. Then

(1) The localization RC� 1 is a commutative ring with the aboveoperations.

(2) The map r 7! r=1 is a one-to-onering homomorphism.

Pr oof . (1) Fill in the details omitted above as an exercise.

(2) De�ne � (r ) = r=1: it is easy to seethat � is a ring homomorphism. If r=1 = s=1,

then rc = sc for some c 2 C. Since c is a non-zero-divisor, we have r = s. This proves

� is one-to-one.

Example 1.3. (1) If R is an integral domain and we take C = R n f 0g, then C

is mult iplicativ ely closed,so RC� 1 exists. It is not hard to seethat RC� 1 is a

�eld ((r=c)� 1 = c=r), and the theorem shows R embedsin RC� 1. We call RC� 1

the formal fr acti on �el d (or formal �e ld of fract ions or formal quot ient

�eld ) of R: it is the smallest �eld into which R embeds. We usually drop the

word \ formal".
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For example, the quotient �eld of Z is (can be naturally ident i�e d with) Q.

This is how Q is formally constructed.

The quotient �e ld of the polynomial ring F [x] is (can be naturally identi�ed

with) the rational funct ion �eld F (x). A formal rational function is a fraction f =g

where f ; g 2 F [x]. Theseformal objects correspond to actual functions much as

polynomials do, with the important di�erence that they are sometimesunde�ned

(whenever the denominator becomes0). The best way to view rational functions

is as elements of the formal fraction �eld of F [x]. This construction can be

extendedto multi ple variables, to de�ne the rational function �eld F (x1; : : : ; xn ) ,

the �eld of fractions of the polynomial ring F [x1; : : : ; xn ].

(2) If R = F [x] and C = f 1; x; x2; : : : g, then RC� 1 is the Laurent polynomial ring

F [x; x � 1] where we allow negative powers of x (but only �nitely many positive

or negative powers).

(3) If R = Z and C is the set of all odd integers, then RC� 1 can be naturally

identi�ed with the following subring of Q: f a
b j a;b2 Z; b oddg.

Remark 1.4. The attentiv e reader may have noticed an inconsistency betweenour

construction of rings of fractions in this chapter and the de�nit ion of a �eld of fractions

in Chapter 2. In that chapter, we required that an integral domain R be a subring of

its �eld of fractions Q. In the current chapter, we have only exhibited an embedding

r 7! r=1 from R to Q.

This is a common problem. There are two solutions. The �rst stab at a solution is to

re-de�ne Q as follows. First set R0 = f r=1 j r 2 R g, and de�ne ~Q to be (Q � R0) [ R.

Then R � ~Q. We de�ne the operations on ~Q so that the element r replacesthe element

r=1. (For example if x; y 2 ~Q, there are 4 caseto de�ne x + y or x � y. One case is

x 2 Q � R0; y 2 R. In this case,we de�ne x + y and x � y in ~Q to be x + (y=1) and

x � (y=1) in Q. If a result is equal to r=1 2 R0, we replaceit wit h r .) This makes R into

a subring of ~Q.

This solution hasthe advantageof de�nit eness:we can keep our earlier de�nit ion and

we truly have R a subset of its fraction �eld. However, the solution was a bit art i�cial.

In many ways, it is better to allow the ambiguity, and re-de�ne a �eld of fractions of R

to be a pair (Q; i ) where Q is a �eld, i : R ! Q is a one-to-onering homomorphism (an
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embedding), and every element of Q can be written i (r )i (c)� 1 for somer; c 2 R; c 6= 0.

We must thenalsode�ne whentwo �elds of fract ionsare equivalent (or isomorphic). This

solution requiresmore technicalities, but it turns out to be more 
exible in the end.

In thesenotes,we will t ry to ignore this issueas much as possible!

2. Congruences and Quo ti ent Ring s

In this sectionwediscusscongruences| equivalencerelationsthat arecompatible with

the ring operations | and show how to make the equivalenceclasses under a congruence

into a ring. This is the analog of creating a circle from a line segment by identifying

the endpoints, but in algebra the processis much more uniform. The prototype of this

construction is a new way of building Zn from Z.

The quotient ring construction also leadsus to a very important notion - that of an

ideal.

Def initi on 2.1. Let R bea commutat ivering. A congruence on R is an equivalence

relation � with the following extra properties for all a;b;c;d 2 R.

(1) If a � b, c � d, then a + c � b+ d.

(2) If a � b, c � d, then ac � bd.

(3) If a � b, then � a � � b.

As usual, our de�nitio n assumestoo much. The following lemma shows just what it

is we need to check.

Lemma 2.2. Let R be a commutative ring. An equivalence relation � on R is a

congruence if and only if the following properties hold for all a;b;c 2 R.

(a) If a � b, then a + c � b+ c.

(2) If a � b, then ac � bc.

If � is a congruence on R and a;b are units in R with a � b, then a� 1 � b� 1

Pr oof . We will show condition (1) in the de�nitio n of congruenceis satis�ed, and

leave the rest to the reader.

(1) Suppose a � b, c � d. Since � is an equivalencerelation, we have c � c and

b � b. Repeatedly applying condition (a) and the commutat ive law for + , we obtain

a + c � b+ c � c + b � d + b � b+ d;
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as required.

For the �nal claim, note that

b� 1 = 1b� 1 = a� 1ab� 1 � a� 1bb� 1 = a� 1:

The protoypical example of a congruenceis the equivalence relation � (mod n). We

can generalize this to any commutativ e ring.

Def initi on 2.3. Let R be a commutativ e ring and let a 2 R. We de�ne the relation

congruence mod a, denoted � (mod a), as follows. If r; s 2 R, we say r � s (mod a)

if a j (s � r ) . (That is, r � s (mod a) i� there exists b2 R with s � r = ab.)

Lemma 2.4. Let R be a commutative ring and let a 2 R. Then � (mod a) is a

congruence on R.

Pr oof . We leave that fact that � (mod a) is an equivalencerelation to the reader.

Supposer; s; t 2 R and r � s (mod a), so s � r = ab for someb2 R. Then (s + t) �

(r + t) = s � r = ab and st � r t = (s � r )t = a(bt) , which shows r + t � s + t (mod a)

and r t � st (mod a). This proves � (mod a) is a congruence.

Why do congruences interest us? Becausethey provide a way to create new rings in

which two elements related by the congruencebecome equal.

Def initi on 2.5. Let � be an equivalence relation on a set R. We denote the set of

equivalenceclassesof � by R=� .

We refer to the map � : R ! R= � de�ned by � (r ) = [r ] (t he equivalence classof

r ) as the canonical pr oject ion (or the nat ur al pr oject ion) associated to � . This

function is clearly onto.

If R is a commutativ ering and � is � (mod a), wewrit e R=a insteadof R=� (mod a).

(This notation is not standard; it is more common to write R=aR or R=Ra. We will

explain the latt er two notations later.)

Pr opositio n 2.6. Let � be a congruence on the commutative ring R. Then the

set R= � of equivalence classesis a ring with operations given by [r ] + [s] = [r + s],

[r ] � [s] = [r s], � [r ] = [� r ] and additive and multiplicative identities [0] and [1].

The canonical projection � : R ! R=� is a ring homomorphism, which is onto.
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Pr oof . The �r st and most important thing we must prove is that the operations on

R= � are well-de�ned. To that end, suppose r; s; t; u 2 R and suppose [r ] = [t] and

[s] = [u]. By Lemma 5.5 in Chapter 1, this means r � t and s � u. By the de�nition of

congruence, we have r + s � t + u, r s � tu , � r � � s. By the same lemma, this implies

[r + s] = [t + u], [r s] = [tu] and [� r ] = [� s]. This provesthe operations are well-de�ned.

Oncewe've proved the operations are well-de�ned, the proof that R=� is a commuta-

tiv e ring is very straightforward. For example, to prove the associative law for addition,

we simply take r; s; t 2 R, and note

([r ] + [s]) + [t] = [r + s] + [t] = [(r + s) + t] = [r + (s + t)] = [r ] + [s + t] = [r ] + ([s] + [t]):

The other ring axioms are proved in a similar way.

Let us considerbrie
y the example R = Z=n. By the division algorit hm, we know

every element s of Z is congruent mod n to a unique m with 0 � m < n. Thus [s] = [m].

We saw above that it is essentially t rivial to verify that R is a ring (oncewe've veri�ed

� (mod n) is a congruence). The ring R is isomorphic to Zn | we will show this in

Section3 | so this gives us another construction of Zn , one that hasmany advantages.

We will now identify all possible congruenceson a commutativ e ring R. To do this,

we needto intr oduceone more de�nitio n.

Def initi on 2.7. Let I be a subset of a commutativ e ring R. We say I is an ideal

of R, and we write I / R, if the following conditions are satis�ed.

(1) 0 2 I ;

(2) If i 2 I , then � i 2 I ;

(3) If i; j 2 I , then i + j 2 I

(4) If r 2 R; i 2 I , then r i 2 I .

(I call this last condition absorbency, but this is not a standard name.)

Remark 2.8. An ideal contains 0 and is closed under + ; �; � . This almost makes it

a subring, but we do not assumeit contains 1. In fact, the only ideal that is a subring

(equivalent ly, contains 1) is R. SeeProblem 2.A below.

Lemma 2.9. Let I be a subsetof the commutative ring R. Then I is an ideal of R if

and only if (i) I 6= ; , (ii) I is closed under + , and (iii) If r 2 R; i 2 I , then r i 2 I .
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Pr oof . Let i 2 I . Then 0 = 0i 2 I by property (iii). In addition, � i = i � (� 1) 2 I .

This proves I / R.

Pr obl em 2.A. Let I be an ideal of a commutat ive ring R. Show that if I contains

a unit, then I = R.

Theorem 2.10. Let R be a commutative ring. The following two functions are inverse

bijections between the set of congruences on R and the set of ideals of R.

Given a congruence � on R, we associate to it the set [0], which is an ideal.

Given an ideal I / R, we associate to it the congruence � (mod I ), which is de�ned

by a � b (mod I ) if b� a 2 I .

Pr oof . We have to show that [0] is an ideal, that � (mod I ) is a congruence, and

that these two construct ions are inversesof each other.

Let � be a congruenceon R and set I = [0]. Since 0 � 0, we see 0 2 I . If a � 0,

b � 0, then a+ b � 0+ 0 = 0, so I is closedunder + . Finally, if r 2 R; i 2 I , then i � 0,

so r i � r 0 = 0, whencer i 2 I . This proves I / R.

Let I / R. Then 0 2 I , so r � r (mod I ) holds for all r 2 R. If r � s (mod I ), then

s � r 2 I , and since I / R, r � s = � (s � r ) 2 I . Thus s � r (mod I ). If r � s (mod I )

and s � t (mod I ), then s � r; t � s 2 I , so t � r = (s � r ) + (t � s) 2 I . This shows

r � t (mod I ), and �nishes the proof that � (mod I ) is an equivalencerelation.

Supposer; s; t 2 R and r � s (mod I ), that is, s � r 2 I . This immediately implies

r + t � s + t (mod I ) (why?). Since I / R, we have st � r t = (s � r )t 2 I . Thus

r t � st (mod I ). This proves � (mod I ) is a congruence.

Next, suppose we start wit h a congruence � , then de�ne I = [0], and �na lly de� ne

� (mod I ). We wish to show � and � (mod I ) are the same. Suppose r; s 2 R and

r � s. Then s � r � 0, so s � r 2 [0] = I . Thus r � s (mod I ).

Supposeconversely that r � s (mod I ), so s � r 2 I = [0]. This implies s � r � 0,

so s = (s � r ) + r � 0 + r = r . This proves � and � (mod I ) are the same relation.

Supposethat we start wit h an ideal I , then de�ne the congruence � (mod I ). We

wish to show I = [0]. If i 2 I , then i � 0 2 I , so i � 0. Thus i 2 [0].

Supposer 2 [0], that is, r � 0 (mod I ). Then r = r � 0 2 I . This proves I = [0],

and this completesthe proof.
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Def initi on 2.11. When I / R and � is � (mod I ), we denote the ring R=� by R=I .

We call this the fact or r ing or quoti ent ring of R modulo I (or R by I ).

The equivalenceclassesfor the equivalencerelation � (mod I ) are easyto describe.

Lemma 2.12. Let I / R and let a 2 R. The equivalence classof a for the relation

� (mod I ) is [a] = a + I , where we de�ne a + I = f a + i j i 2 I g.

Remark 2.13. We call a subset of R of the form a + I a coset of I . In particular,

we call a + I the coset deter mined by a relative to I .

Pr oof . We have a � b (mod I ) ( ) b� a 2 I ( ) b= a+ i for somei 2 I . Thus

[a] = a + I .

Let R be a commutat ive ring. If a 2 R, then aR = f ar j r 2 R g is an ideal.

It is called the pr incipa l ideal generated by a. (It is also denoted Ra; since R is

commutative, the order doesn't matter.) When R = Z, every ideal is of this form: the

ideals of Z are precisely the ideals nZ with n a non-negative integer (and theseare all

distinct). To prove this one employs the division algorithm. We give a moregeneral proof

in the next lemma.

Def initi on 2.14. A commutat ive ring R is called a pr incipa l ideal ring if every

ideal of R is principal, that is, of the form aR for some a 2 R. An integral domain that

is a principal ideal ring is called a pr incipa l ideal dom ain , abbreviated PID .

Lemma 2.15. Every Euclidean domain is a PID.

Pr oof . Let R be a Euclidean domain with sizefunction � and let I / R. If I = f 0g,

then I = 0R. Suppose I 6= f 0g and let a 2 I be a nonzero element with � (a) as small as

possible.We claim I = aR.

Certainly aR � I , since a 2 I . Supposei 2 I and write i = qa + r where q; r 2 R

and � (r ) < � (a). Since r = i � qa, we have r 2 I . By de�nitio n of a, this forces r = 0.

Thus i = qa 2 aR, which proves I = aR.

Remark 2.16. If � =
� 1 +

p
� 19

2
, then Z[� ] is a PID but not a Euclidean domain.

As you might imagine, the proof is not tr ivial.

There is a posit ive result , but it relies on an unproven conjecture. If R is an integrally

closedring of numbers generated by a �nite set of elements and if R has in�nitely many
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units, then it has beenshown that if the Generalized Riemann Hypothesisholds, R is a

PID if and only if R is a Euclideandomain (if and only if R is a UFD).

The language of ideals is actually very well suited to the study of factorization. For

example,onehasa j b in R if and only if bR � aR, and hence a and b areassociatesif and

only if aR = bR. Using idealscan return true uniquenessto a discussionof factorization.

We will discussthis more in Section 4.

We can prove all of the key lemmas required for unique factorization in a PID. For

example, if a;b 2 R, R a PID, then aR + bR = f ar + bs j r; s 2 R g is an ideal of R,

and henceit equalsdR for somed 2 R. As a;b 2 dR, this implies d j a and d j b. Since

d = ar + bs for somer; s 2 R, we can prove d is a gcdof a;b just aswe did in a Euclidean

domain. Thus we can prove every PID is a UFD. The converseis false,as the examples

F [x; y] (F a �eld) and Z[x] show.

Theorem 2.17. Every PID is a UFD.

Pr oof . We outlined above how onecan prove uniqueness.

The proof of existenceis more di�cult; we would like to mimic the use of the size

function, which only requiredus to deal with a counterexample of minimum size. Instead,

we do almost the reverse.

Supposenot every element of R has a factorization as a product of irreducibles, and

let a1 be a non-zero,non-unit wit h no such factorization. Then a1 is not irreducible, so

we can write a1 = bc whereneither b nor c is a unit . If b;c each factor into irreducibles,

then so doesa1 | seethe proof of Proposition 2.15 in Chapter 2. Thus one of b;c hasno

such factorization: label it a2. Note that a2 j a1 but a2 and a1 are not associates. This

translatesto a1R $ a2R when phrasedin terms of ideals.

We can continue in thi s fashion, and obtain an in�nite strictly increasing chain a1R $

a2R $ � � � of ideals. Set I = [ 1
n=1 anR. Then it is not hard to show that I / R. SinceR

is a PID, there is an a 2 R with I = aR. Sincea 2 I , we must have a 2 anR for some

n. Clearly an 2 I = aR, sowe obtain anR = aR = I . This, however, contr adicts the fact

that anR $ an+1 R. This contradict ion shows no such element a1 can exist. This proves

the existence of factorizations into irr educibles.
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3. The Ker nel and The Isom orphis m The orems

In this sect ion we show how to usefactor rings and homomorphismsto prove rings are

isomorphic. This is an extremely powerful tool, and we give someexamplesof how it can

beemployed. Wealsopresent variousother resultsconnectinga ring and its homomorphic

image.

Associated wit h any funct ion is a subsetof the codomain, the image. We have seen

before that the image of a ring homomorphism is a subring. For arbitrar y sets and

functions, there is no special subset that stands out in the domain, but for rings and ring

homomorphisms, the inverse imageof 0 is a key subset of the domain. It is an ideal, and

every ideal is the kernel of some ring homomorphism.

Def initi on 3.1. Let f : R ! S be a homomorphism of rings. We de�ne the kernel

of f to be kerf = f r 2 R j f (r ) = 0g.

Lemma 3.2. Let R be a commutative ring.

(1) If f : R ! S is a homomorphismof rings, then kerf is an ideal of R.

(2) Every ideal of R is the kernel of somering homomorphism.

Pr oof . (1) Since f (0) = 0, we have 0 2 kerf . If r; s 2 kerf , then f (r + s) =

f (r ) + f (s) = 0 + 0 = 0. Thus r + s 2 kerf . Finally, if r 2 R; s 2 kerf , then

f (r s) = f (r )f (s) = f (r ) � 0 = 0, so rs 2 kerf . This proves kerf is an ideal.

(2) I = ker� , where � : R ! R=I is the canonical projection.

Lemma 3.3. Let f : R ! S be a homomorphismof commutative rings. Then f is

one-to-oneif and only if kerf = f 0g.

Pr oof . If f is one-to-one, and f (r ) = 0, then we have f (r ) = 0 = f (0), so r = 0.

Thus kerf = f 0g.

Supposekerf = f 0g and f (r ) = f (s). Then f (r � s) = f (r ) � f (s) = 0, so r � s 2

kerf = f 0g. Thus r � s = 0, i.e., r = s. This proves f is one-to-one.

The last result hints that we can think of the kernel as a measure of how far a homo-

morphism is from beingone-to-one. The next result shows that if we get rid of the kernel,

we are left wit h an isomorphism onto the image. This result is immenselyuseful, and we

will give some examplesbelow.
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Theorem 3.4 (First Isomorphism Theorem for Rings). Let f : R ! S be a homo-

morphism of commutative rings. Then im f �= R=kerf .

Explicitly, if we de�ne �f : R=kerf ! im f by �f (a + kerf ) = f (a), then �f is well-

de�ned and �f is an isomorphism.

Pr oof . Supposea + kerf = b+ kerf . Then b � a 2 kerf , whencef (b � a) = 0,

whence f (b) = f (a). Thus �f is well-de�ned.

It is easy to seethat �f is a homomorphism onto im f . If �f (a + kerf ) = 0, then

a 2 kerf , so a + kerf = 0. Thus �f is one-to-oneby Lemma 3.3. This proves �f is an

isomorphism.

Example 3.5. (1) We have shown in Example 10.7(5) in Chapter 1 that the

map f : Z ! Zn de�ned by f (a) = mod (a;n) is an onto ring homomorphism.

Clearly its kernel is nZ, the set of multiples of n. Thus by the First Isomorphism

Theorem, Zn
�= Z=n.

(2) De�ne � : R[x] ! C by � (f ) = f (i ) . This is a homomorphism by Exercise 60 in

Chapter 1. It is clearly onto. Let us compute ker� .

For any f 2 R[x], the Division Algorithm tells usthereexist q 2 R[x], a;b2 R

with f (x) = (x2 + 1)q(x) + a+ bx. Thus f (i ) = a+ bi. In particular, f 2 ker� if

and only if a = b= 0, if and only if (x2 + 1) j f . Thus ker f is the ideal generated

by x2 + 1. The First Isomorphism Theorem implies C �= R[x]=(x2 + 1).

We can look at this result di�eren tly. We could de�ne C = R[x]=(x2 + 1), and

we cande�ne the the complex number a+ bi to be the coseta+ bx+ (x2 + 1)R[x].

(3) If we de�ne f 7! f (� ) , we get an onto homomorphism from R[x] to the dual

numbersR[� ] over R. It is not hard to seethat the kernel consistsof all mult iples

of x2, so the ring of dual numbers over R is isomorphic to R[x]=x2.

There are two other theorems known as isomorphism theorems. The �rst of these is

not used often for rings, though it s analog is important for groups, vector spaces,and

modules.

Theorem 3.6 (Second Isomorphism Theorem). Let R be a commutative ring, let S

be a subring of R, and let I / R. Then S + I = f s + i j s 2 S; i 2 I g is a subring of R,

I is an ideal of S + I , and I \ S is an ideal of S. Moreover, S=(I \ S) �= (S + I )=I .



132 3. SOME CONSTRUCT IONS FOR COMMU TATIVE RING S

Pr oof . Exercise. Hint: de�ne a (natural) homomorphism from S to (S + I )=I , and

show that it s kernel is S \ I . Apply the First Isomorphism Theorem.

Theorem 3.7 (Third Isomorphism Theorem). Let R be a commutative ring and let

I / R.

(1) There is a bijective correspondence between ideals of R containing I and ideals

of R=I , given by J 7! J=I (where J=I = f j + I j j 2 J g) for J / R, I � J ,

with inverse given by K 7! f r 2 R j r + I 2 K g for K / R=I .

(2) If J is an ideal of R containing I , then (R=I )=(J=I ) �= R=J .

Pr oof . (1) It is easy to see that if J is an ideal of R, then J=I as de�ned in the

theorem is an ideal of R=I . Conversely, let K be an ideal of R=I , and set J = f r 2

R j r + I 2 K g. Clearly J � I (since 0 + I 2 K ). If j ; j 0 2 J , then j + j 0 + I =

(j + I ) + (j 0 + I ) 2 K , so j + j 0 2 J . If r 2 R, then r j + I = (r + I )( j + I ) 2 K , so

r j 2 J . Thus J / R.

If we start with J � I and let J 0 = f r 2 R j r + I 2 J=I g, then clearly J � J 0. If

r 2 J 0, then there exists j 2 J with r + I = j + I . Thus r � j 2 I � J , so r 2 J . This

proves J 0 = J .

Conversely, let K / R=I and de�ne J as above. It is immediate from the de�nit ion

of R=I that J=I = K . This provesthe two maps are inverses, and henceproveswe have

de�ned a bijective correspondence.

(2) De�ne � : R=I ! R=J by � (r + I ) = r + J . SinceI � J , themap � is well-de�ned.

It is clearly an onto homomorphism. Furthermore, it is obvious that ker� = J=I . Thus

by the First Isomorphism Theorem, (R=I )=(J=I ) �= R=J .

Example 3.8. Let n be a positive integer. We have seen that Zn
�= Z=n. What are

the ideals of Z=n? By the Third Isomorphism Theorem, they correspond to ideals I of

Z containing nZ. Such an ideal is of the form I = mZ with m j n. (SeeExercise24.)

Thus the idealsof Zn correspond biject ively to the posit ive divisors of n. Part (2) of the

Third Isomorphism Theoremtells us that thequotient rings of Zn are the rings Zm where

m j n.
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We would like to state a variant of the Third Isomorphism Theorem, built around a

homomorphism rather than a quotient ring. (Of course,theseare the samein somesense,

given the First Isomorphism Theorem.) We �rst state a generallemma.

Lemma 3.9. Let f : R ! S be a homomorphismof commutative rings.

(1) If K / S, then
 �
f (K ) / R.

(2) If f is onto and I / R, then
�!
f (I ) / S.

Pr oof . Exercise.

Theorem 3.10 (Third Isomorphism Theorem, homomorphism version). Let R; S be

commutative rings and let � : R ! S be a ring homomorphism that is onto.

(1) There is a bijective correspondence between idealsof R containing ker� and ideals

of S, givenby J 7! �!� (J ) for J / R, ker� � J , with inversegivenby K 7!  �� (K )

for K / S.

(2) If J is an ideal of R containing ker� , then S=�!� (J ) �= R=J .

(3) If K / S, then S=K �= R= �� (K ).

Pr oof . Exercise.

4. Ideal s and Facto r izati on

In this section, we explore the use of idealsin factorization. We �r st state Dedekind's

result for rings of algebraic integers. We then discuss how to do reduction modulo a prime

in a general UFD. Finally, we discuss the irreducible elements in a quadratic number ring.

This sectionis purely for the reader'samusement; few proofs will be given.

We �rst recall the relation of divisibilit y to ideals.

Lemma 4.1. Let R be a commutative ring and let a;b2 R.

(1) a j b if and only if bR � aR.

(2) a and b are associates if and only if aR = bR.

(3) a is a unit of R if and only if aR = R.

Pr oof . Exercise.
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Def initi on 4.2. An irreducible element corresponds to an ideal that is not equal to

R but which is not included in any larger ideal except R. We generalizethis notion to

arbitrar y ideals.

Wecall an ideal M of R maxim al if M is proper, and whenever I / R and M � I � R,

we have M = I or M = R. That is, we say M is maximal if it is maximal among proper

idealsof R.

Pr obl em 4.A. Let M be an ideal in a commutat ive ring R. Show that M is a

maximal ideal of R if and only if R=M is a �eld.

Hint: seeExercise9.

Def initi on 4.3. If I ; J are ideals of a commutativ e ring R, we de�ne their product

I J to be

I J = f
nX

k=1

i k j k j n � 1; i 1; : : : ; i n 2 I ; j 1; : : : ; j n 2 J g:

This is the smallest ideal of R containing the individual products ij for all i 2 I ; j 2 J .

This de�nitio n extends in an obvious way to products of more than two ideals.

Def initi on 4.4. We say an integral domain R is a Dedeki nd domai n if every

proper nonzeroideal I of R can be writt en I = M 1M 2 � � � M k for some maximal ideals

M 1; � � � ; M k , and if such a product is unique in the following sense.If also I = N1 � � � N`

for maximal idealsN1; : : : ; N` , then k = ` and wecanre-number the N 's sothat M j = N j

for all j = 1; : : : ; k.

That is, a Dedekinddomain is an integral domain in which nonzeroidealshave unique

factorizations as products of maximal ideals. This wasDedekind's replacement for Kum-

mer's theory of ideal numbers.

Theorem 4.5. Let R be an integral domain in which everyproper, nonzero ideal is a

product of maximal ideals. Then R is a Dedekind domain.

Pr oof . We have to show uniquenessholds;we leave this asa rather hard exercise.

Pr opositio n 4.6. Every PID is a Dedekind domain.

Pr oof . In a PID, an ideal M is maximal if and only M = mR for someirr educible

element m 2 R. Once this fact is established (do it!) , the fact that R is a Dedekind

domain follows from the facts that R is a UFD and that every ideal hasthe form aR.
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Pr opositio n 4.7. If R is a Dedekind domain and a UFD, then R is a PID.

Pr oof . Exercise.

The following result indicates why the study of Dedekind domains is so important,

and alsoshows how common Dedekind domains are.

Theorem 4.8. Let R be a ring of numbers, and suppose there exist r1; : : : ; r k 2 R

suchthat everyelementof R can be written in the form r =
P k

i =1 mi r i for someintegers

m1; : : : ; mk . Then the following statementsare true.

(1) R is a ring of algebraic integers.

(2) R is a Dedekind domain if and only if R is integrally closed.

(3) The integral closure of R is alwaysa Dedekind domain.

Pr oof . Very di� cult exercise.

This last theoremapplies to the rings Z[
p

n], Z[! ], and more generally, to any ring

Z[� ] (appropriately de�ned) for which � is an algebraic integer.

Recall that an element p 2 R is prime if p is not a unit or zero, and whenever pj ab,

we have pj a or pj b. We can re-write this in terms or idealsas: if ab2 pR, then a 2 pR

or b2 pR. We usethis to motivate a general de�nit ion.

Def initi on 4.9. We say an ideal P of a commutati ve ring R is pr ime if P is proper,

and whenever ab2 P , eit her a 2 P or b2 P .

Thus an element p 2 R is prime if and only if p 6= 0 and the ideal pR is prime. Note

that we do allow f 0g to be a prime ideal, even though we don't allow 0 to be a prime

element.

We can state several equivalent conditions for being prime.

Lemma 4.10. Let P be a proper ideal of a commutative ring R. Then the following

conditions are equivalent.

(1) P is prime.

(2) R=P is an integral domain.

(3) WheneverA; B are ideals of R and AB � P , we haveA � P or B � P .

(4) There do not exist ideals A; B of R with P $ A, P $ B , and AB � P .
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Pr oof . It is clear that (1) and (2) are equivalent, and it is clear that (3) implies (4).

It is alsoeasyto seethat (3) implies (1): take A = aR and B = bR. Thus we must show

(1) implies (3) and (4) implies (3).

(1) ) (3) Suppose AB � P but A; B are not contained in P . This meansthat there

exist a 2 A � P and b 2 B � P . Since P is prime, ab =2 P . But ab 2 AB , so this is

impossible.

(4) ) (3) SupposeAB � P but neither A nor B is contained in P . Set A0 = A + P ,

B 0 = B + P . Then P $ A0 and P $ B 0. However, A0B 0 = (A + P)(B + P) =

AB + BP + PB + P2. Any product involving P is contained in P (since P is an ideal),

and AB � P . Thus A0B 0 � P ; this violates (4).

Cor ol lar y 4.11. Any maximal ideal in a commutative ring is a prime ideal.

Pr oof . Exercise.

With the theory we have developed in this chapter, we now seethat reduction mod p

makessensefor any irr educible element in a UFD R. SinceR is a UFD, p is prime, and

so R=p is an integral domain. Thus if we let ai denotethe cosetai + pR and we de�ne a

homomorphism � p : R[x] ! (R=p)[x] by � p(
P n

i =0 ai x i ) =
P n

i =0 ai x i , Lemma 5.6 applies.

This means that every result for reduction mod p in Z has an analog over an arbit rary

UFD.

We should note one thing. The rings Z=p were �nit e �elds, while the ring R=p is in

general only an integral domain and not a �eld, and is not usually �nite. Thus reduction

mod p may not yield as decisive a result in a generalUFD.

We saw in Sect ion 6 of Chapter 2 that determining the irreducible elements of Z[
p

n]

mainly involvesdetermining which integer primes remain prime in Z[
p

n]. SeeProposi-

tion 6.3 in Chapter 2 for a summary of our results.

We showed above that p 2 R is prime if and only if p 6= 0 and R=p is an integral

domain. We now employ reduct ion mod p to study thequestion of whethera prime p 2 Z

remainsprime in Z[
p

n].
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Pr opositio n 4.12. Let n be a squarefree integer, let � =
p

n if p � 2; 3 (mod 4) and

� = (� 1 +
p

n)=2 if p � 1 (mod 4), and let R = Z[� ]. In the �rst case, let f = x2 � n

and in the second case, let f = x2 + x +
1 � n

4
.

Let p be a prime integer and let f be the polynomial obtained by reducing f modulo

p. That is, f = x2 � n or f = x2 + x + (
1 � n

4
), where a = a + pZ or a = mod (a;p).

Then p is prime in R if and only if f hasno roots in Zp.

Remark 4.13. The wording in the proposition is necessary: we must ask for p to

be prime in R, not merely irreducible. For example, if n = � 5, p = 3, then we've seen

before that 3 is irreducible but not prime in R. Moreover, x2 + 5 has roots in Z3.

Pr oof . We have R = Z[� ], where � is a root of the monic quadratic polynomial

f 2 Z[x] listed in the statement of the proposit ion. Moreover, R �= Z[x]=f . (Verify this

using the division algorithm. SeeExercises17 and 18.)

We wish to determine whether p is prime in R. By the observation above, we can

determinethis by checking whether R=p is an integral domain. If we let (p;f ) denotethe

ideal pZ[x] + f Z[x] of Z[x] generated by p;f , then it is not hard to see(using the Third

Isomorphism Theorem) that R=p �= Z[x]=(p;f ) �= Zp[x]=(f ) , where f is the reduction of

f modulo p. Thus Zp[x]=(f ) is an integral domain if and only if f is prime in Zp[x].

SinceZp[x] is a UFD (it's a Euclideandomain), f is prime if and only if it is irreducible.

Since f is a quadratic polynomial over the �eld Zp, it is irreducible if and only if it has

no roots in Zp.

Cor ol lar y 4.14. Let n be an integer that is not a perfect square, and let p be a

prime integer. Then p is prime in Z[
p

n] if and only if n hasno square root in Zp.

Pr oof . Exercise.

Supposethat p 2 Z doesnot remain irreducible in R = Z[� ]. This implies � (x) = p

for some x 2 R. If R is a UFD, p is prime in R if and only if p is irreducible, and

Proposit ion 4.12 applies. If R is not a UFD, this is not the case. That reducesthe force

of the number theoret ic corollary we now obtain, as we must assumea certain ring is a

UFD.

Cor ol lar y 4.15. Let n be a squarefree integer and let p be a prime integer.
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(1) Supposen � 2; 3 (mod 4) and supposethat Z[
p

n] is a UFD. Then we can solve

the equation a2 � nb2 = � p for integers a;b if and only if we can solve the

equation x2 � n (mod p) for an integer x.

(2) Suppose p � 1 (mod 4), let � = (� 1 +
p

n)=2, and supposethat Z[� ] is a UFD.

Then we can solvethe equation a2 � nb2 = � 4p for integersa;b if and only if we

can solvethe equation x2 + x +
1 � n

4
� 0 (mod p) for an integer x.

Pr oof . Exercise.

SinceZ[i ]; Z[
p

� 2]; Z[
� 1 +

p
� 3

2
] are UFDs, we get the following corollary.

Cor ol lar y 4.16. Let p be a (positive) prime integer. Then the following statements

are true.

(1) There exist integers a;b2 Z with a2 + b2 = p if and only if � 1 hasa square root

in Zp.

(2) There exist integers a;b 2 Z with a2 + 2b2 = p if and only if � 2 has a square

root in Zp.

(3) There exist integers a;b2 Z with a2 + 3b2 = 4p if and only if x2 + x + 1 = 0 has

a solution in Zp.

Pr oof . Exercise.

If we add a little number theory to the above, we get the following result.

Cor ol lar y 4.17. Let p be a prime number. Then the following statementsare true.

(1) There exist integers a;b2 Z with a2 + b2 = p if and only if p = 2 or

p � 1 (mod 4).

(2) There exist integers a;b2 Z with a2 + 2b2 = p if and only if p = 2 or

p � 1 (mod 8) or p � 3 (mod 8).

(3) There exist integers a;b2 Z with a2 + 3b2 = 4p if and only if p = 3 or

p � 1 (mod 3).

Pr oof . Exercise.

We repeat a result from Chapter 2.

Pr obl em 4.B. Show that the following is a complete list of ir reducible elements in

Z[i ], up to associates. (Each element on the list has 3 other associates.)
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(1) 1 + i ;

(2) Prime integersp with p � 3 (mod 4);

(3) The numbers a + bi and a � bi, wherea;b are positive integers such that a2 + b2

is prime and a > b. There is a unique pair (a;b) with theseproperties and with

a2 + b2 = p for every prime integer p with p � 1 (mod 4).

For example, the irreducibles in Z[i ] of absolute value at most 7 (norm less than 50)

are | up to associates | 1 + i , 2 � i , 3, 3 � 2i , 4 � i , 5 � 2i , 6 � i , 5 � 4i , 7.

Another way to state the result is: every prime integer p � 3 (mod 4) remains ir-

reducible in Z[i ], while every other prime integer p factors as p = qq, where q; q are

non-real irreducible elements of Z[i ]. The elements q; q are associates only if p = 2. This

is a complete list of the irreducible elements of Z[i ] (up to association). We somet imes

state (part of) this conclusion as: primes congruent to 3 mod 4 remain irreducible in Z[i ],

while other primes split. The prime 2 is special, sinceit can be factored as � i (1 + i )2:

we say 2 rami�es in this extensionof Z.

5. H omework Exer cises

1. Prove that if Q; Q0 are two fraction �e lds of R, then they are isomorphic. Moreover,

there is an isomorphism that is the identit y on the elements of R.

The above assumesthat R is a subring of Q; Q0. If we liberalize our de�niti on as

suggested in Remark 1.4, prove the following. If (Q; i ) and (Q0; i 0) are fraction �elds

of R, then there is a unique isomorphism f : Q ! Q0 such that f � i = i 0.

2. Let C be a denominator set in the commutat ive ring R and de�ne the relation � on

R � C by (r; c) � (r 0; c0) if r c0 = r 0c. Prove that � is an equivalencerelation.

3. Supply the details in the proof of Theorem 1.2.

4. Let X be the set of orderedpairs (a;b) such that a;b 2 N, that is, let X = N � N.

De�ne a relation � on X by declaring (a;b) � (c;d) if a + d = b+ c.

(a) Prove that � is an equivalencerelation on X .

(b) Prove that (a;b) � (a0; b0) , (c;d) � (c0; d0) implies (a+ c;b+ d) � (a0+ c0; b0+ d0)

and (ac;bd) � (a0c0; b0d0) .

(c) Let Z denote the set of equivalenceclassesof X under the relation � . If

(a;b) 2 X , denote its equivalenceclassby [a;b]. De�ne binary operations + , � on Z
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by the rules: [a;b] + [c;d] = [a+ c;b+ d] and [a;b] � [c;d] = [ac+ bd;ad+ bc], and de�ne

a unary operation � by � [a;b] = [b;a].

First prove the three operations just de�ned are well-de�ned.

(d) Prove that Z becomesa commutativ e ring wit h the operations de�ned above,

additive identit y [0; 0], and mult iplicativ e identit y [1; 0].

(e) De�ne a relation � on Z by [a;b] � [c;d] if a + d � b+ c. Prove that � is

well-de�ned and that it is a total order on Z .

(f ) Suppose a;b;c;d; e;f 2 N. Prove that if [a;b] � [c;d], then [a;b] + [e;f ] �

[c;d] + [e;f ]. Prove that if [a;b]; [c;d] > [0; 0], then [a;b] � [c;d] > [0; 0].

(g) Prove that the map n 7! [n; 0] is a biject ive map from N to f x 2 Z j x � 0g

that preserves + , �, and order.

(h) That's it, isn't it? We've constructed Z , de�ned its operations and order, and

shown how N can be embeddedin Z . De�ne Z = Z and prove whatever properties of

Z you think are necessary. (For example,prove that it's a commutativ e ring.)

5. Let S; R be commutativ e rings such that S is a subring of R and let a 2 R. De�ne a

relation � on S[x] by f � g if f (a) = g(a). Prove that � is a congruenceon S[x].

What ideal doesit correspond to?

6. Let R; S be commutat ive rings and let f : R ! S be a ring homomorphism. De�ne

a relation � on R by r1 � r2 if f (r1) = f (r2) . Prove that � is a congruenceon R.

What ideal doesit correspond to?

(We do not needf to be a homomorphism for � to be a congruence; we can drop the

requirement that f (1) = 1.)

7. Prove that if an ideal I of a commutative ring R contains a unit of R, then I = R.

8. Prove that if a 2 R, then aR = f ar j r 2 R g is an ideal of R.

9. Let R be a commutativ e ring. Prove that R is a �eld if and only if R hasexactly two

ideals,namely f 0g and R.

10. Let n be a positive integer. Show that Z=2n� 1 hasexactly n ideals.

11. Let I ; J be ideals of R.

(a) Prove that I \ J is an ideal of R

(b) Prove that I [ J is not an ideal of R unlessI � J or J � I .

(c) De�ne I + J = f i + j j i 2 I ; j 2 J g. Prove that I + J is an ideal of R.
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(d) Prove that I + J is the smallest ideal of R containing I and J . That is, show

that (i) I [ J � I + J and (ii) if K / R and I � K , J � K , then I + J � K .

(e) Prove that I \ J is the largest ideal of R contained in both I and J .

12. Let I ; J be ideals of a commutativ e ring R and de�ne their product to be I J =

f
P n

k=1 i k j k j n � 1; i 1; : : : ; i n 2 I ; j 1; : : : ; j n 2 J g.

(a) Prove that I J is an ideal of R.

(b) Prove that if K is an ideal of R, then (I + J )K = I K + JK .

13. Let I 1 � I 2 � � � � be idealsof R. Prove that [ 1
n=0 I n is an ideal of R.

14. Let I be the ideal 2Z[x] + xZ[x] of Z[x].

(a) Show that I consistsof all f 2 Z[x] whoseconstant coe�c ient is even.

(b) Show that I is not a principal ideal.

15. We have seenbefore that there is a (unique) homomorphism from � : Z ! Zn de�ned

by � (a) = mod (a;n). Prove that ker� = nZ.

16. Let R be a commutat ive ring.

(a) Show that there is a unique homomorphism � : Z ! R.

(b) Show that im � is the smallestsubring of R, and that it is isomorphic to Zn ,

where n = charR.

17. Let n 2 Z. Use the First Isomorphism Theorem to prove that Z[
p

n] �= Z[x]=(x2 � n) .

18. This result generalizesExercise17. Suppose� 2 C is an algebraic integer, say � is a

root of a monic polynomial f 2 Z[x] of degree n.

(a) Show that Z[� ] = f
P n� 1

i =0 mi � i j m0; m1; : : : ; mn� 1 2 Z g is a ring of numbers

(a subring of C).

(b) Show that Z[� ] �= Z[x]=f .

19. Prove that R[x; x � 1] (see Example 2) is isomorphic to R[x; y]=(xy � 1).

20. Prove that if S1; S2 are subrings of the commutative ring R, then S1 \ S2 and S1 + S2

are subrings of R.

The above result obviously extends to any �nit e intersection or �nite sum (by

induction). Can you extend it to in�nite intersections or sums?

21. Prove the SecondIsomorphism Theorem,Theorem 3.6.

22. Let f : R ! S be a homomorphism of commutativ e rings.

(a) If K / S, prove that
 �
f (K ) / R.
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(b) If f is onto and I / R, prove that
�!
f (I ) / S.

23. Prove the homomorphism version of the Third Isomorphism Theorem, Theorem 3.10.

24. Let R be a Euclideandomain. Show that the ideals of R containing aR are the ideals

bR for which bj a.

25. Let R be a commutat ive ring and let a;b2 R.

(a) Prove that a j b if and only if bR � aR.

(b) Prove that a and b are associatesif and only if aR = bR.

(c) Prove that a is a unit of R if and only if aR = R.

26. Let M be an ideal in a commutativ e ring R. Show that M is a maximal ideal of R if

and only if R=M is a �eld.

Hint: SeeExercise 9.

27. Prove that any maximal ideal in a commutativ e ring is a prime ideal.

28. Prove Corollary 4.15.


