CHAPTER 3

SOME CONSTR UCTIONS FOR COM MU TATIVE RINGS

In this chapter, we discus sane general constructions for comnutativ e rings. The
rst is the construction of the quatient eld of an integrd domain. This nally givesus
a formal construction of Q from Z. It alsoshows that several results from the previous
chapter are valid for an arbitrary UFD.

The secondconstruction is a sort of dual to the notion of subring. A subring S
of aring R is a subwet, which corresponds to a one-toone function from S to R. Is
there any notion that correspondsto a map from R onto another ring T? It turns out
there is, and this leads us to the notions of quotient ring, congruence,and ideal. This
gives us anather construction of the integers mod n. Theseideasalso give rise to the
isomorphism theorems which mostly relate two rings connectedvia a homomaphism.
The First Isomaphism Theorem is the most powerful tool we have for showing two rings
are isomaphic.

We alsodiscussthe use of idealsin factorization problemsin Sections2 and 4.

1. Fracti on Rings

In Section4, we de ned what it meart for a ring to be a fraction ring of a subring.
In this section,we show that given a suitable subsetof the original ring, one can always
construct a ring of fractions. In particular, if R is an integral domain, it hasa eld of
fractions.

To emphasizeour god in this chapter, let us call a subs¢ C of R a denom inat or
set if it corntains 1, it is closedunder multiplicat ion, and it consistsertirely of non-zeo-
divisors. We will construct a ring of fractions RC ! with elemerts r=cforr 2 R, c2 C,
whene the elemants of C beomesunits in RC 1. The rst thing to understandis when

two fractions r=c and r = should be equd: the obvious answer is whenrc®= r.

Remark 1.1 It isimportant in the study of comnutative rings to allow the set C

to have zero divisors. We will not considerthat casehere, but the reader who studies
121



122 3. SOME CONSTRUCTIONS FOR COMMU TATIVE RINGS

commutative algebrafurther will seethat the de nitio ns belowv needto be altered to deal
with the geneal case

With that as motivation, we make the following de nition. On the set R C, we
dene arelation by (r;c) (r%cd if rc®= r%. This is easilyseento be an equivalence
relation. (Verify!) We denote the equivalence classof (r;c) under by r=c, and we
de ne RC 1! to be the setof all equivalenceclassesr=cwith r 2 R;c2 C. We wish to
shov RC 1! is aring in which the classesr=c correspond to fractions in a natural way.

We dene two binary operations + and on RC ! by r=c+ s=d= (rd+ sc)=(cd) and
r=c s=d= (rs)=(cd). We rst show that theseoperations are well-de ned. We give the
details for +; those for are easier.

Let r=c= r%=d and s=d= s%=d, so rc®= r% and sd’= s%. Then

(rd+ sQcd®= rcdd) + sdqcd = r%dd+ sdcd@= (r%°+ s%Acd:

Thus (rd+ so)=(cd) = (rd°+ sC)=(cd?. This proves+ is well-dened.

Once we know they are well-dened, it is easyto chedk that +; are asscciative,
commutative operations with identities (0;1) and (1; 1) respectively. Moreover, is dis-
tribut ive over +. We alsohave r=c+ ( r)=c= (rc rc)=¢ = 0=¢ = 0=1. This shows
that we have de ned a comnutativ e ring structure on RC 1.

Theorem 1.2 SupmseC is a denominator setin a commutativering R. Then

(1) The localization RC ! is a commutative ring with the alove operations.

(2) The mapr 7! r=1 is a one-to-onering homomoiphism.

Pr oof . (1) Fill in the details omitted above as an exercise
(2) Dene (r)=r=l:it iseay to seethat is aring homomaphism. If r=1= s=1,
then rc = sc for some c2 C. Since c is a non-zero-divisor, we have r = s. This proves

iS oneto-one. |

Example 1.3 (1) If R is an integral domain and we take C = R nf0g, then C
is multiplicatively closed,so RC ! exists. It is not hard to seethat RC ! is a
eld ((r=9 != c=r), andthe theorem shows R enmbedsin RC *. Wecal RC !
the formal fraction el d (or formal e ld of fractions or formal quotient
eld ) of R: it is the smallest eld into which R enbeds We usudly drop the

word \ formal".



1. FRACTIO N RINGS 123

For example, the quotient eld of Z is (can be naturally identi e d with) Q.
This is how Q is formally constructed.

The quotient eld of the polynomial ring F[x] is (can be naturally iderti ed
with) the rational function eld F(x). A formal rational function is afraction f =g
wheref ;g2 F[x]. Theseformal objects correspond to actual functions much as
polynomials do, with the important di erence that they are sametimesunde ned
(whenewer the denominator becomed)). The bestway to view rational functions

is as elemerts of the formal fraction eld of F[x]. This construction can be

(2 If R=F[x] and C = f1;x;x?:::0, then RC 1! is the Laurert polynomial ring
F[x;x '] wherewe allow negative powers of x (but only nitely many positive
or negative powers).

(3) If R = Z and C is the set of all odd integers,then RC ! can be naturally
identi ed with the following subring of Q: f{ j a;b2 Z;b oddg.

Remark 1.4 The attentive reader may have noticed an inconsisteny between our
construction of rings of fractions in this chapter and the denit ion of a eld of fractions
in Chapter 2. In that chapter, we required that an integral doman R be a subring of
its eld of fractions Q. In the current chapter, we have only exhibited an embedding
r 7! r=1 from R to Q.

This is a comma problem. There are two solutions. The rst stab at a solution is to
re-dene Q asfollows. First s¢ R°= fr=1jr 2 Rg, anddene Qtobe (Q R9Y[ R.
Then R Q. We de ne the operationson Q sothat the elemen r replacesthe elemen
r=1. (For exampleif x;y 2 @, there are 4 caseto dene x+ y or x y. One case is
x2 Q R%y2R. Inthiscase,wedene x+yandx Yy in Q to be x + (y=1) and
x (y=1) in Q. If arealt isequd to r=12 R% we replaceit with r.) This makesR into
a subring of Q.

This solution hasthe advantageof de nit eness:we cankeeg our earlier denit ion and
we truly have R a subse of its fraction eld. Howewer, the sdution was a bit arti cial.
In many ways, it is better to allow the ambiguity, and re-de ne a eld of fractions of R

to beapair (Q;i) whereQ isa eld, i : R! Q is aone-to-onering homamorphism (an
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emledding), and ewvery elemant of Q can be written i(r)i(c) ! for somer;c2 R;c 6 0.
We must thenalsode ne whentwo elds of fractions are equivalert (or isomaphic). This
solution requiresmore technicalities, but it turns out to be more exible in the end.

In thesenotes, we will try to ignore this issueas much as possible!

2. Congruences and Quotient Ring s

In this sectionwe disaussconguencey equivalencerelationsthat are compatible with
the ring operations| and shov how to make the equivalenceclasses under a conguence
into a ring. This is the andog of creating a circle from a line segmert by identifying
the endpoints, but in algebrathe processis much more uniform. The prototype of this
construction is a new way of building Z, from Z.

The quatient ring construction alsoleadsus to a very important notion - that of an

ideal.

Def initi on 2.1 Let R beacommutativering. A congruence onR is an equvalence
relation  with the following extra propertiesfor all a;b;c;d 2 R.
(D Ifa bc dthena+c b+d.
(2Ifa b,c d thenac bd
) Ifa bthen a b.

As usual, our de nitio n assumedoo much. The following lemma shaws just what it
is we ned to che.

Lemma 2.2 Let R be a commutative ring. An equivakene relation on R is a
congruene if and only if the following properties hold for all a;b;c2 R.
(@ Ifa b, thena+c b+c.
(2) If a b, thenac bc

If isacongrueneon R and a;b areunitsin R witha b, thena ! b'?

Pr oof . We will show condition (1) in the de nitio n of conguenceis satis ed, and
leave the rest to the reader.
(1) Supposea b, ¢ d. Since is an equivalencerelation, we have ¢ ¢ and

b b. Repeatedly applying condition (a) and the commutative law for +, we obtain

a+c b+c c+b d+b b+d:
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asrequired.

For the nal claim, note that
b'=1'=a'ab! a'bb'=a®t
[ |

The protoypical example of a conguenceis the equivalence relation  (mod n). We

can generdize this to any commutativ e ring.

Def initi on 2.3 Let R beacommutativering and let a2 R. We de ne therelation
congruence mod a, dended (mod a), asfollows. If r;s2 R,wesay r s (mod a)

if aj (s r). (Thatis,r s (moda)i thereexistsb2 R with s r = ab)

Lemma 2.4 Let R be a commutative ring and let a 2 R. Then (mod a) is a

congruene on R.

Pr oof . We leave that fact that (mod a) is an equivalencerelation to the reader.
Supposer;s;t2 Randr s (mod a), sos r = abforsomeb2 R. Then (s+ t)
(r+t)=s r=abandst rt= (s r)t= a(bt), whichshonsr+t s+t (moda)

andrt st (mod a). This proves (mod a) is a conguence. ]

Why do conguencesinterest us? Becausethey provide a way to create new rings in

which two elements related by the conguencebemme equd.

Def initi on 2.5 Let be an equvalencerelation on a s¢ R. We dende the set of
equivalenceclassexf by R=

Werefertothemap :R! R= dened by (r) = [r] (the equivalence classof
r) asthe canonical projection (or the natural projection) ass@iatedto . This
function is cleally onto.

If R isacommutativeringand is (mod a), wewrite R=a insteadof R= (mod a).
(This notation is not standad; it is more comma to write R=aR or R=Ra. We will

explain the latt er two notations later.)

Pr opositio n 2.6. Let  be a congruen@ on the commutative ring R. Then the
set R=  of equivalene classesis a ring with operations given by [r]+ [s] = [r + ],
[r] [s]=1rs], [r]=1[ r] and additive and multiplicative identities [0] and [1].

The canonical projection :R! R= is aring homomoiphism, which is onto.
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Pr oof . The r st and most important thing we must prove is that the operations on
R= are well-dened. To that end, supposer;s;t;u 2 R and suppose[r] = [t] and
[s] = [u]. By Lemmab5.5in Chapter 1, this meansr t ands u. By the de nition of
conguence we haver +s t+u,rs tu, r s. By the same lemma, this implies
[r+s]=[t+u],[rs]=[tu]land [ r]=[ s]. This provesthe operations are well-de ned.

Oncewe've proved the operations are well-de ned, the proof that R= is a comnuta-
tive ring is very straightforward. For example, to prove the assaiative law for addition,

we simply take r;s;t 2 R, and note
([r1+[sh+[t]=[r+s]+ [t]=[(r+s)+t]=[r+ (s+t)] = [r]+[s+t]= [r]+ ([s] + [t]):
The other ring axioms are proved in a similar way. ]

Let us considerbriey the example R = Z=n. By the division algorithm, we know
ewvery elemen s of Z is congmuert mod n to auniquem with 0 m < n. Thus|[s] = [m].
We sawv above that it is essemially trivial to verify that R is a ring (oncewe've veri ed

(mod n) is a conguence). The ring R is isomorphic to Z, | we will show this in

Section3| sothis gives us another construction of Z,,, onethat has many advantages.

We will now idertify all possible conguenceson a comnutative ring R. To do this,

we needto intr oduce one more de nitio n.

Def initi on 2.7. Let | be a subsé of a commutative ring R. We say | is an ideal
of R, and we write | / R, if the following conditions are satis ed.

1) 021;

@ Ifi21,then i21;

B Ifi;j21,theni+j 21

@4 Ifr2R;i21,thenri21.

(I call this last condition absorkency, but this is not a standard name.)

Remark 2.8 An ideal cortains O and is closed under +; ; . This almost makesit
a subring, but we do not assumeit cortains 1. In fact, the only ided that is a subring

(equivalertly, cortains 1) is R. SeeProblem 2.A below.

Lemma 2.9. Let | be a subsetof the commutativering R. Then | is an ideal of R if
andonlyif (i) | 6 ;, (i) | is closa under+, and (iii) If r2 R;i21,thenri2]1.
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Proof. Leti21. ThenO= 0i 2| by property (iii). In addition, i=1i ( 1)21.
This proves!| / R. ]

Probl em 2.A. Let | be anideal of a commutative ring R. Show that if | cortains

aunit, then| = R.

Theorem 2.10. Let R be a commutative ring. The followingtwo functions are inverse
bijections between the set of congruen@son R and the set of ideals of R.

Given a congruen@  on R, we assaiate to it the set [0], whichis an ideal.

Given anideal | / R, we assaiate to it the congruene@ (mod |), whichis de ned
bya b(modl)ifb a2l.

Pr oof . We have to show that [0] is an ideal, that (mod I) is a congmuence, and
that thes two constructions are inversesof ead other.

Let beacongruenceon R andsetl = [0]. Since0 O,wesee021.Ifa 0,
b 0,thena+b 0+ 0= 0,sol isclosedunder+. Finally,if r 2 R;i 2 1,theni O,
sori  r0O= 0, whenceri 2 |. This proves| / R.

Let1 /R. Then021,sor r (modl) holdsforall r 2 R. Ifr s (modl), then
s r2l,andsincel /R, r s= (s r)2Il.Thuss r (modl).Ifr s (modl)
ands t(modl),thens r;t s21l,sot r=(s r)+(t s)21. This showns
r t (modl), and nishes the proof that (mod I) is an equivalencerelation.

Supposer;s;t2 Randr s (modl), thatis, s r 2 1. This immediately implies
(s rt21. Thus

r+t s+t (modl) (why?). Sinee |l / R, we have st rt

rt st (modl). This proves (mod I) is a conguence.

Next, suppose we start with a conguene , thendene | = [0], and nally de ne
(mod ). Wewishto shaov and (mod|l) are the same. Suppose r;s 2 R and

r s.Thens r 0,sos r2[0]=1.Thusr s (modl).
Supposecornverselythat r s (mod1),sos r 21 = [0]. This impliess r O,

sos=(s r)+r O+r=r.Thisproves and (mod]l) arethe same relation.
Supposethat we start with an ided |, then de ne the conguence (mod ). We
wishto shov | = [0]. If i 2 1,theni 021,s0i 0. Thusi 2 [0].
Supposer 2 [0], that is, r O (modl). Thenr =r 02 1. This proves| = [0],

and this completesthe proof. [ ]
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Def initi on 2.11. Whenl/R and is (mod |), wedenotethe ring R= by R=I.

We call this the fact or ring or quoti ent ring of R modulo | (or R by I).
The equivalenceclassesfor the equivalencerelation  (mod |) are easyto descibe.
Lemma 2.12. Let | / R andlet a 2 R. The equivalerce classof a for the relation
(modl)is [a]=a+ |, wheewedene a+ 1 =fa+iji2lg.
Remark 2.13. We call a subst of R of theform a+ | a coset of | . In particular,

we cdl a+ | the coset deter mined by a relativeto | .

Proof. Wehavea b(modl) () b a2l () b=a+iforsomei2Il. Thus

[a]=a+ 1. [

Let R be a conmutative ring. If a2 R, then aR = far jr 2 Rg is an ideal.
It is called the principal ideal generated by a. (It is also denoted Ra; since R is
commutative, the order doesn't matter.) When R = Z, ewery ided is of this form: the
ideals of Z are predsely the ideds nZ with n a non-negative integer (and theseare all
distinct). To prove this one employs the division algorithm. We give a more generd proof

in the next lemma.

Def initi on 2.14. A comnutative ring R is called a principal ideal ring if every
ideal of R is principal, that is, of the form aR for sone a2 R. An integra domain that

is a principal ideal ring is calleda principal ideal domain, abbreviaed PID .

Lemma 2.15. Every Euclidean domain is a PID.

Pr oof . Let R be a Euclidean domain with sizefunction andletl/R. If I = f0g,

then | = OR. Suppose| 6 fOg andlet a2 | beanonzeroelemeit with (a) assmall as

possible.We claim | = aR.

Certainly aR |, sincea2 |. Supposei 2 | and write i = ga+ r whereq;r 2 R
and (r)< (a). Sincer =i ¢a, wehaver 2 |. By de nitio n of a, this forcesr = 0.
Thusi = ga2 aR, which proves| = aR. ]

1+ P 19 . . .

Remark 2.16. If = — then Z[ ] is a PID but not a Euclidean domain.

As you might imagine, the proof is not trivial.
Thereis a positive reault, but it relieson an unproven conjecture. If R is an integrally

closedring of numbers gengated by a nite set of elemerts and if R hasin nitely many
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units, then it has beenshawn that if the Generdized Riemann Hypothesisholds, R is a

PID if and only if R is a Euclideandoman (if and only if R is a UFD).

The languace of ideds is actually very well suited to the study of factorization. For
example,onehasaj bin R if andonly if bR aR, and hence a and b are assiatesif and
only if aR = bR. Usingidealscan return true uniquenesgo a discussionof factorization.

We will discussthis more in Section 4.

We can prove all of the key lemmas required for unique factorization in a PID. For
example,if a;b2 R, R aPID, then aR+ bR= far + bsjr;s2 Rgis anideal of R,
and henceit equalsdR for somed 2 R. As a;b2 dR, this implies dj a and dj b. Since
d= ar+ bsfor somer;s 2 R, wecan prove d is agcdof a;b just aswe did in a Euclidean
domain. Thus we can prove ewvery PID is a UFD. The converseis false, asthe examples
F[x;y] (F a eld) and Z[x] show.

Theorem 2.17. Every PID is a UFD.

Pr oof . We outlined above how one can prove uniqueness.

The proof of existenceis more dicult; we would like to mimic the use of the size
function, which only required usto ded with a counterexample of minimum size. Instead,
we do almost the reverse.

Supposenot every elemen of R hasa factorization asa product of irreducibles and
let a; be a non-zero,non-unit with no sud factorization. Then a; is not irreduable, so
we canwrite a; = bcwhereneither b nor c is a unit. If b;c ead factor into irreducibles,
then so doesa; | seethe proof of Proposition 2.15in Chapter 2. Thusone of b;c hasno
sudh factorization: label it a,. Note that a,j a; but a, and a; are not asscciates. This
translatesto a;R $ a,R when phrasedin terms of idedls.

We can continue in this fashian, and obtain anin nite strictly increasing chain a;R $
R $ of ideds. Setl = [ 1, a,R. Thenit is not hard to show that | / R. SinceR
isa PID, thereisan a2 R with | = aR. Sincea 2 |, we must have a 2 a,R for sone
n. Clealy a, 2 | = aR, sowe obtain a,R = aR = | . This, howewer, conr adicts the fact
that a,R $ a,+1 R. This contradiction shonvs no suc elemen a; can exist. This proves

the existence of factorizations into irr educibles. [ |
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3. The Ker nel and The Isom orphis m The orems

In this se¢ion we shav how to usefactor rings and homomaphismsto prove rings are
isomaphic. This is an extremely powerful tool, and we give someexamplesof how it can
be employed. We alsopresert various other resultsconnectinga ring and its homomorphic
image.

Assciated with any function is a subsetof the codoman, the image. We have sea
before that the image of a ring homomaphism is a subring. For arbitrary sets and
functions, there is no spedal subsetthat standsout in the domain, but for rings and ring
homamorphisms, the inverse imageof 0 is a key subsé of the domain. It is anideal, and

ewvery ideal is the kernel of some ring homonworphism.

Def initi on 3.1 Let f :R! S be ahomomorphism of rings. We de ne the kernel
of f to bekerf =fr2Rjf(r)= 0g.

Lemma 3.2 Let R be a commutative ring.

Q) If f :R! S is a homomorphismof rings, then kerf is an ideal of R.

(2) Every ideal of R is the kernel of somering homomorphism.

Proof. (1) Sincef(0) = 0, we have 0 2 kerf. If r;s 2 kerf, then f(r + s) =
f(r)+ f(s) = 0+ 0= 0. Thusr + s 2 kerf. Finally, if r 2 R;s 2 kerf, then
f(rs)=f(r)f(s)=1f(r) 0= 0, sors2 kerf. This proveskerf is an ided.

(2) I = ker ,where :R! R=l isthe canmical projection. =

Lemma 3.3 Letf : R! S be a homomorphismof commutative rings. Then f is

one-to-oneif and only if kerf = f0g.

Proof . If f is oneto-one,and f (r) = O, then we have f (r) = 0= f(0), sor = 0.
Thus kerf = f0g.
Supposekerf = fOgandf(r) = f(s). Thenf(r s)=f(r) f(s)=0,s0r s2

kerf = f0g. Thusr s=0,i.e.,r = s. This provesf is oneto-one. [

The last result hints that we canthink of the kernel as a measure of how far a homo-
morphism is from beingone-to-one. The next result shovsthat if we getrid of the kernd,
we are left with an isomomphism onto the image. T his result is immenselyuseful, and we

will give some examplesbelow.
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Theorem 3.4 (First Isomomphism Theorem for Rings). Letf : R! S be a homo-
morphism of commutativerings. Then imf = R=kerf .
Explicitly, if wedene f : R=kerf ! imf byf(a+ kerf) = f(a), thenf is well-

de ned and f is an isomorphism.

Pr oof . Supposea + kerf = b+ kerf. Thenb a2 kerf, whencef(b a) = 0,
whene f (b) = f(a). Thusf is well-de ned.

It is easy to seethat f is a homomorphism onto imf. If f(a+ kerf) = 0, then
a2 kerf,soa+ kerf = 0. Thusf is one-to-oneby Lemma 3.3. This provesf is an

isomaphism. [

Example 3.5 (1) We have shavn in Example 10.15) in Chapter 1 that the
mapf :Z! Z, dened by f(a) = mod (a;n) is an onto ring homomarphism.
Clearly its kernelis nZ, the sea of multiples of n. Thus by the First Isomorphism
Theorem,Z, = Z=n.

(2) Dene :R[x]! Chby (f)="f(i). Thisisahomanorphismby Exercise 60in
Chapter 1. It is clealy onto. Let us compute ker .

Forany f 2 R[x], the Division Algorithm tells usthereexist g2 R[x], a;b2 R
with f (x) = (x2+ 1)q(x) + a+ bx. Thusf (i) = a+ bi. In particular, f 2 ker if
andonly if a= b= 0, if and only if (x?+ 1)j f. Thuskerf isthe ided geneated
by x?+ 1. The First Isomaphism Theaem implies C = R[x]=(x? + 1).

We canlook at this result di erently. We could de ne C = R[x]=(x?+ 1), and
we cande ne the the complex number a+ bi to be the coseta+ bx+ (x2+ 1)R[X].

3) If wedene f 7! f(), we get an onto homamorphism from R[x] to the dual
numbersR[ ] over R. It is not hard to seethat the kernd consistsof all multiples

of x2, so thering of dual numbers over R is isomorphic to R[x]=x?.

There are two other theorems known as isomorphism theorems. The rst of theseis
not used often for rings, though its analog is important for groups, vector spaces,and

modules.

Theorem 3.6 (Secand Isomorphism Theaem). Let R be a commutativering, let S
be a subing of R, andlet | / R. ThenS+ | =fs+ijs2 S;i 21 gis asubing of R,
| isanideal of S+ 1,and |\ S is anideal of S. Moreover, S=(1 \ S) = (S+ I)=l.
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Pr oof . Exercise Hint: de ne a (natural) homomorphism from S to (S+ |)=I, and

shaw that its kernelis S\ |. Apply the First Isomaphism Theorem. ]

Theorem 3.7 (Third Isonmorphism Theorem). Let R be a commutative ring and let
| / R.

(1) There is a bijective correspndene between ideals of R containing | and ideals
of R=l, givenby J 7! J=I (whereJ=l =fj+1jj 2Jg)forJ/R,I J,
with inversegivenby K 7' fr2 Rjr+1 2 K g for K/ R=l.

(2) If J is anideal of R containing |, then (R=1)=(J=1) = R=J.

Proof. (1) It is easy to see that if J is an ideal of R, then J=I asde ned in the
theorem is an ideal of R=l. Conversely let K be an ideal of R=l, andsetJ = fr 2
Rjr+1 2Kg. Clealy J | (since0O+ 1 2 K). Ifj;j°2 J,thenj +j%+ 1| =
G+D)+({°+1)2K,s0j+j%2J. fr2R,thenrj+1=(r+1)j+1)2K, s
ri2J. ThusJ/ R.

If we start with J | andlet J°=fr2 Rjr+1 2 J=lg, thenclealy J JO If
r2J%thenthereexistsj 2 J with r+ 1 =j+ 1. Thusr j21 J,sor2J. This
provesJ®= J.

Conversdy, let K / R=l and de ne J asabove. It is immediate from the denit ion
of R=l that J=I = K. This provesthe two maps are inverses and henceproveswe have
de ned a bijective corresppndence.

(2)Dene :R=lI! R=a by (r+1)=r+J. Sincel J,themap iswell-de ned.
It is clearly an onto homomarphism. Furthermore, it is obvious that ker = J=I. Thus
by the First Isomaphism Theaem, (R=1)=(J=I) = R=J. |

Example 3.8 Let n be a positive integer. We have sea that Z, = Z=n. What are
the idealsof Z=n? By the Third Isomaphism Theorem, they correspond to ideds | of
Z cortaining nZ. Sud an ideal is of the form | = mZ with mj n. (SeeExercise24.)
Thustheidealsof Z,, correspond bijectively to the positive divisors of n. Part (2) of the
Third Isomaphism Theoremtells usthat the quotient rings of Z, arethe rings Z,, where

mjn.
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We would like to state a variant of the Third Isomaphism Theaem, built around a
homamorphism rather than a quatient ring. (Of course,theseare the samein somesense

giventhe First Isanorphism Theorem.) We rst state a generallemma.
Lemma 3.9 Letf :R! S be a homomorphismof commutative rings.

(1) If K/ S, then f (K)/ R.
|
(2) If f isontoand! /R, thenf (1)/ S.

Pr oof . Exercise |

Theorem 3.10 (Third Isomaphism Theorem, homamorphism version). Let R; S be

commutativerings andlet :R! S be aring homomoiphism that is onto.

(1) Thereis a bijective correspndene betweenideals of R containing ker andideals
of S, givenby J 7! ! (J) for J/ R, ker J, with inversegivenby K 7! (K)
for K/ S.

(2) If J is anideal of R containing ker , then s= (J) = R=J.

3) If K/ S, then S=K = R= (K).

Pr oof . Exercise ]

4. |deal s and Factorizati on

In this section we explore the use of idealsin factorization. We r st state Dedekind's
result for rings of algebraic integers We then discus how to do reduction modulo a prime
in agenerd UFD. Finally, we discus the irreducible elemerts in a quadratic number ring.

This sectionis purely for the reader'samusemem; few proofs will be given.

We rst recall the relation of divisibilit y to ideds.
Lemma 4.1 Let R be a commutativering and let a;b2 R.

(1) aj bif andonly if bR aR.
(2) a and b are assaiatesif and only if aR = bR.

(3) ais aunit of R if andonly if aR = R.

Pr oof . Exercise n
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Def initi on 4.2 An irreducible elemert carespondsto an ided that is not equd to
R but which is not included in any larger ideal exceot R. We generalizethis notion to

arbitrary ideals.

Wecdl anidealM of R maxim al if M is proper,and wheneerl/RandM | R,
wehaveM =1 or M = R. That is, we say M is maximal if it is maximal among proper
idealsof R.

Problem 4.A. Let M be an ided in a commutative ring R. Showv that M is a
maximal ideal of R if and only if R=M is a eld.

Hint: seeExercise9.

Def initi on 4.3 If |;J areideds of a conmutative ring R, we de ne their product

I J to be
X
1J=f kN Ligiinin2lj5i5jn2Jd 0
k=1
This is the smallestideal of R cortaining the individual productsij foralli21;j 2 J.

This de nitio n extends in an obvious way to products of more than two ideads.

Def initi on 4.4 We say an integral domain R is a Dedekind domain if ewery

proper nonzeroideal | of R canbewritten | = M;M, My for some maximal ideals
M;q; My, and if sud a product is unique in the following sense.If alsol = N; N-
for maximal idealsN4;:::;N-, thenk = ~ and we canre-numberthe N 's sothat M; = N;

That is, a Dedekinddomain is an integral domain in which nonzeroidealshave unique
factorizations as products of maximal ideds. T his was Dedekind's replacemen for Kum-

mer's theory of ideal numbers.

Theorem 4.5, Let R be an integral domain in which every proper, nonzep ideal is a

product of maximal ideals. Then R is a Dedekind domain.

Pr oof . We haveto show uniquenessolds; we leave this asa rather hard exercie. =

Pr opositio n 4.6. Every PID is a Dedekind domain.

Proof. In aPID, an ideal M is maximal if and only M = mR for someirreducible
elemeit m 2 R. Oncethis fact is egdablished (do it!), the fact that R is a Dedekind

domain follows from the factsthat R is a UFD and that ewery ideal hasthe form aR. =
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Pr opositio n 4.7. If R is a Dedekinddomain and a UFD, then R is a PID.

Pr oof . Exercise n

The following result indicates why the study of Dedekind domains is so important,

and also shawvs how comma Dedekind domains are.
. . P .
suchthat everyelementof R can be written in the formr = ;_, m;r; for someintege's

(1) R is aring of algebaic integers.
(2) R is a Dedekind domainif and only if R is integrally closeal.

(3) The integral closure of R is alwaysa Dedekind domain.
Proof . Very di cult exercise. [

This last theoremapplies to the rings Z[p n], Z[' ], and more generally, to any ring

Z[ ] (appropriately de ned) for which is an algebrac integer.

Recallthat an elemert p2 R is prime if p is hot a unit or zerg and whenewer pj ab,
we have pj a or pj b. We can re-write this in terms or idealsas: if ab2 pR, then a2 pR

or b2 pR. We usethis to motivate a generd denit ion.

Def initi on 4.9. We say anideal P of acomnutativering R is prime if P is proper,
and whenewer ab2 P, either a2 P or b2 P.

Thus an elemert p2 R is prime if and only if p6& 0 and the ideal pR is prime. Note
that we do allow f0Og to be a prime ideal, even though we don't allow O to be a prime
elemaent.

We can state several equivalert conditions for being prime.

Lemma 4.10. Let P be a proper ideal of a commutative ring R. Then the following
conditions are equivalent.

(1) P is prime.

(2) R=P is an integral domain.

(3) WheneverA; B areidealsof R and AB P, wehaveA P orB P.

(4) There do not existideals A;B of R with P$ A, P$ B,andAB P.
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Proof . It is clearthat (1) and (2) are equivalert, and it is clearthat (3) implies (4).
It is alsoeasyto seethat (3) implies (1): take A = aR and B = bR. Thus we must show
(1) implies (3) and (4) implies (3).

(1)) (3) Suppose AB P but A; B are not cortained in P. This meansthat there
exista2 A P andb2 B P. SineeP isprime, ab2z P. But ab2 AB, sothisis
impossible.

(4)) (3) SupposeAB P but neither A nor B is contained in P. SetA°= A+ P,
B°= B+ P. ThenP $ Aand P $ B% Howewer, AB°= (A + P)(B + P) =
AB + BP + PB + P2. Any product involving P is cortainedin P (since P is an ideal),
and AB P. ThusAB® P; this violates (4). u

Cor ol lar y 4.11. Any maximal ideal in a commutative ring is a prime ideal.

Pr oof . Exercise [

With the theory we have deweloped in this chapter, we now seethat reduction mod p
makessensefor any irreducible element in a UFD R. SinceR is a UFD, p is prime, and
so R=p is an integral domain. Thus if we let & denotethe coseta + pR and we de ne a
homamorphism , : R[x]! (R=p)[x] by p(P 1o ax) = P ", &X', Lemmab.6 applies.
This means that ewvery result for reduction mod p in Z has an analog over an arbitrary
UFD.

We should note one thing. The rings Z=p were nit e elds, while the ring R=p is in
genera only an integral domainand not a eld, andis not usually nite. Thusreduction

mod p may not yield as decisiwe a result in a generalUFD.

We saw in Sec¢ion 6 of Chapter 2 that determining the irreducible elemerts of Z[IO nj
mainly involves determining which integer primes remain prime in Z[p n]. SeeProposi-

tion 6.3 in Chapter 2 for a summary of our results.

We showed above that p 2 R is prime if and only if p 6 0 and R=p is an integral
doman. We now employ reduction mod p to study the question of whetheraprime p2 Z

remainsprime in Z[p nJ.
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Pr opositio n 4.12. Let n be a squaefree integer, let = pﬁ if p 2,3 (mod4) and

=( 1+ pﬁ):z if p 1 (mod4), andlet R= Z[]. In the rst case,letf = x> n

. n
and in the seond case,let f = x?+ x +

Let p be a prime integer and let f be the polynomial obtainel by reducing f modulo
1 n

4
Then p is prime in R if and only if f hasno roots in Zp.

p. Thatis, f = x> morf = x2+ x+ (

), wheea= a+ pZ ora= mod (a;p).

Remark 4.13. The wording in the proposition is necessary: we must ask for p to
be prime in R, not merely irreducible. For example,if n = 5, p= 3, then we've seen

before that 3 is irredudble but not prime in R. Moreover, x? + 5 has roots in Zs.

Proof. We have R = Z[ ], where is a root of the monic quadratic polynomial
f 2 Z[x] listed in the statemert of the proposition. Moreover, R = Z[x]=f. (Verify this
using the division algarithm. SeeExercisesl7 and 18.)

We wish to determine whether p is prime in R. By the obsenation above, we can
determinethis by chedking whether R=p is an integral domain. If we let (p;f) denotethe
ideal pZ[x] + f Z[x] of Z[x] genegated by p;f , then it is not hard to see(using the Third
Isomorphism Theorem) that R=p = Z[x]=(p;f) = Z,[x]=(f), wheref is the reduction of
f modulo p. Thus Z,[x]=(f) is an integral domain if and only if f is prime in Z,[x].
SinceZ,[x] is a UFD (it's a Euclideandomain), f is prime if and only if it is irredudble.
Sincef is a quadraic polynomial over the eld Z,, it is irreducible if and only if it has

no roots in Z,. L

Cor ol lar y 4.14. Let n be an integer that is not a perfect squae, and let p be a

prime integer. Then p is prime in Z[p n] if and only if T hasno squae root in Z,.

Pr oof . Exercise [

Supposethat p 2 Z doesnot remain irredudble in R = Z[ ]. This implies (x) = p
for samne x 2 R. If R is a UFD, p is prime in R if and only if p is irreducible, and
Proposition 4.12 applies If R is not a UFD, this is not the case. That reducesthe force
of the number theoretic cordlary we now obtain, as we must assumea certain ring is a
UFD.

Cor ol lar y 4.15. Let n be a squaefree integer and let p be a prime integer.
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(1) Supmsen 2;3 (mod 4) and supmsethat Z[p n] is a UFD. Then we can solve

the equation a> nk? = p for integers a;b if and only if we can solve the
equation x> n (mod p) for an integer x.

(2) Supwpsep 1 (mod4),let =( 1+ pm:Z, and supmsethat Z[ ] is a UFD.

Then we can solvethe equation a> nk? = 4p for integersa;b if and only if we

can solvethe equation x? + x + 0 (mod p) for an integer x.

Pr oof . Exercise ]
. P 1+ P -3 .
SinceZ[i]; Z[ 2] Z[T] are UFDs, we get the following cordlary.

Cor ol lar y 4.16. Let p be a (positive) prime integer. Then the following statements
are true.
(1) There exist integers a;b2 Z with a>+ > = pif andonly if 1 hasa squae root
in Z,.
(2) There existintegersa;b2 Z with a>+ 2? = pif and only if 2 hasa squae
root in Zp.
(38) There existintegersa;b2 Z with a?+ 3t? = 4p if andonly if x>+ x+ 1= 0 has

a solution in Z,.
Pr oof . Exercise [ |

If we add a little number theory to the above, we get the following result.
Cor ol lar y 4.17. Let p be a prime numker. Then the following statementsare tr ue.
(1) There existintegersa;b2 Z with a>+ b?» = pif andonly if p= 2 or
p 1 (mod4).
(2) There existintegersa;b2 Z with a®>+ 20 = pif andonly if p= 2 or
p 1(mod8) orp 3 (mod8).
(3) There existintegersa;b2 Z with a?>+ 3? = 4p if and only if p= 3 or
p 1 (mod3).

Pr oof . Exercise [

We repeat a result from Chapter 2.

Pr obl em 4.B. Shaw that the following is a complete list of irreducible elemerts in

Z[i], up to associates. (Each elemert on the list has 3 other associates.)
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(1) 1+1i;
(2) Prime integersp with p 3 (mod 4);
(3) The numbers a+ bi and a bi, where a;b are positive integers sud that a +
is prime and a > b. Thereis a unique pair (a;b) with theseproperties and with

a’+ b? = p for every prime integer p with p 1 (mod 4).

For example, the irreduciblesin Z[i] of absolute value at most 7 (norm less than 50)
are| upto assciates| 1+i,2 i,3,3 2,4 i,5 2,6 i,5 4,6 7.

Another way to state the result is: ewvery prime integer p 3 (mod 4) remainsir-
reducible in Z[i], while every other prime integer p factors as p = qq, where g;q are
non-red irredudble elemerts of Z[i]. The elemens q;q are asscciatesonly if p= 2. This
is a completelist of the irreducible elemens of Z[i] (up to assaiation). We sonetimes
state (part of) this concluson as: primes conguernt to 3 mod 4 remain irreducible in Z][i],
while other primes split. The prime 2 is special, sinceit can be factored as (1 + i)2:

we say 2 rami es in this extensionof Z.

5. Homework Exer cises

1. Prove that if Q;Q° are two fraction elds of R, then they are isomorphic. Moreover,
there is an isomaphism that is the identity on the elemerts of R.

The above assumeghat R is a subring of Q; Q% If we liberalize our de niti on as
sugeested in Remark 1.4, prove the following. If (Q;i) and (Q%i9 are fraction elds
of R, then thereis a unique isomaphism f : Q! Q°sud that f i = i°

2. Let C be a denominator setin the commutative ring R and de ne the relation  on
R Chy(r;c) (r%cd®if rc®= r%. Provethat is an equivalencerelation.

3. Supply the details in the proof of Theaem 1.2.

4. Let X be the set of orderedpairs (a;b) such that a;b2 N, that is, let X = N N.
De ne arelation on X by declaring(a;b) (c;d) if a+ d= b+ c.

(a) Provethat is an equivalencerelation on X .

(b) Provethat (a;b) (a%B)), (c;d) (% d9 implies (a+ c;b+d) (a%+ &P+ d9
and (ac;bd  (a%® Y.

(c) Let Z denote the set of equivalenceclassesof X under the relation . If

(a;b) 2 X, denoteits equivalenceclassby [a;b]. De ne binary operaions +, onZ
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by the rules: [a;b] + [c;d] = [a+ c;b+ d] and [a; ] [c;d] = [ac+ bd;ad+ bd, and de ne
a unary operation by [a;b = [b;a].

First prove the three operations just de ned are well-de ned.

(d) Prove that Z bemmesa commutativ e ring with the operations de ned above,
additive identit y [0; 0], and multiplicativ e idertity [1; O].

(e) Dene arelation onZ by [a;b [c;d]if a+d b+ c. Provethat s
well-de ned and that it is a total order on Z.

(f) Suppose a;b;c;d;e;f 2 N. Prove that if [a;b] [c;d], then [a;b] + [e;f]
[c;d] + [e;f]. Provethat if [a;b];[c;d] > [0; 0], then [a;b] [c;d] > [O;0].

(g) Prove that the map n 7! [n; 0] is a bijectivemap from Nto fx 2 Zjx 0Og
that preerves+, , and order.

(h) That's it, isn't it? Weve constructed Z, de ned its operations and order, and
shavn how N can be embeddedin Z. De ne Z = Z and prove whatever properties of

Z you think are necessary (For example,prove that it's a commutativ e ring.)

5. Let S;R be commutative rings sudh that S is a subringof R andlet a2 R. Dene a
relation on S[x] by f gif f(a) = g(a). Provethat is aconguenceon S[x].
What ideal doesit corespond to?

6. Let R;S be commutativeringsand let f : R! S be aring homomaphism. De ne
arelation onR byry, ryif f(ry) = f(rp). Provethat is aconguenceon R.
What ideal doesit corespond to?

(We do not needf to be a homamorphism for to be a conguence; we can drop the
requiremeri that f (1) = 1.)
7. Prove that if an ideal | of a commutative ring R cortains a unit of R, then | = R.
8. Provethat if a2 R,thenaR=farjr 2 Rgisanided of R.

9. Let R be a comnutativering. Provethat R isa eld if and only if R hasexactly two

10.
11

ideals,namely f Og and R.
Let n be a positive integer. Showv that Z=2" ! hasexactly n ideals.
Let 1;J beideds of R.

(@) Provethat I \ J isanided of R

(b) Provethat I [ J isnot anidealof R unlessl JorJ |I.

(c)Denel +J=fi+jji21l;)2J3qg. Provethat | + J isan ided of R.
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(d) Provethat | + J isthe smalles ideal of R cortaining | and J. That is, shawv
that () I[J I +Jand(i) ifK/Randl K,J K,thenl+J K.

(e) Provethat | \ J isthelargestideal of R cortainedin both | and J.
Let 1;J be ideals of a comnutative ring R and de ne their product to be IJ =
fP E:l ikjn L iinin2lj50jn 23 Q.

(a) Provethat IJ is an ided of R.

(b) Provethat if K isanided of R, then (I + J)K = IK + JK .
Letl; 1, beidealsof R. Prove that [ ﬁzoln is an ided of R.
Let | bethe ideal 2Z[x] + xZ[x] of Z[X].

(&) Show that | consistsof all f 2 Z[x] whoseconstant coe c ient is even.

(b) Shaw that | is not a principal ideal.
We have seenbefore that there is a (unique) homomaphism from :Z! Z, de ned
by (a)= mod (a;n). Provethat ker = nZ.
Let R be a commutative ring.

(a) Show that there is a unique homamorphism :Z! R.

(b) Shawv that im is the smallestsubring of R, and that it is isomaphic to Z,,
wheren = charR.
Let n 2 Z. Usethe First Isomorphism Theorem to prove that Z[p n]l = Z[x]=(x> n).
This result generalzesExercisel7. Suppose 2 C is an algebraicinteger,say isa
root of a monic polynomial f 2 Z[x] of degeen.

(a) Show that Z[ 1= f P o mi fjme;my;iii;m, 12 Zgis aring of numbers
(a subring of C).

(b) Show that Z[ ]= Z[x]=f.
Prove that R[x; x 1] (see Example 2) is isomorphic to R[x;y]=(xy 1).
Provethat if S;;S, are subrings of the commutativering R, then $;\ S, and S+ S,
are subrings of R.

The above result obviously extendsto any nit e intersection or nite sum (by
induction). Can you extend it to in nite intersections or sums?
Prove the Secondisomoiphism Theorem, Theorem 3.6.
Letf : R! S beahomomaphism of comnutativ e rings.

(@ If K/ S, provethat f (K)/ R.
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(b) If f isonto and | / R, prove that !f (1y’s.
Prove the homomarphism version of the Third Isamorphism Theorem, Theorem 3.10.
Let R be a Euclideandomain. Shaw that the ideals of R cortaining aR are the ideals
bR for which bj a.
Let R be a commutativering andlet a;b2 R.

(a) Provethat aj bif and only if bR aR.

(b) Provethat a and b are assaiatesif and only if aR = bR.

(c) Provethat a is a unit of R if and only if aR = R.
Let M be an ideal in a commutative ring R. Show that M is a maximal ideal of R if
and only if R=M is a eld.
Hint: SeeExercise9.
Prove that any maximal ided in a comnutative ring is a prime ided.

Prove Corollary 4.15.



