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Abstract

When we study the architecture of networks of sfigtextended systems the nodes in
the network are subject to local correlation sues. In this case we show that for scale-
free networks the traditional way to estimate thustering coefficient may not be

meaningful. Here we explain why and propose anaguir that corrects this problem.
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1. Introduction

In classical networks the relative position of n@ded links is arbitrary and there are no
spatial correlations between nearby nodes (for @kana network of scientists where a
link indicates that the two corresponding sciestisve co-authored a paper). In such
networks two popular measures are the charactepath length (or diameter) and the
clustering coefficient [1]. The characteristic p&hgth is the average number of links in
the shortest path between two nodes, and it ireBddie degree of information transfer in
the network (the smaller the diameter the easetrdmsfer). The definition of the

clustering coefficient in classical networks isigitrated in Fig. 1. The top panel shows a



hypothetical network and the links of a specifidadthe central one, in this case denoted
asi). According to this information the central postconnected to eight other nodes
(i.e. its degree is eight). These eight nodes altectthe neighbors of nodend define

the closest neighborhood of this node. To estirtteeslustering coefficient for this node
we then find the number of distinct links betwekese eight neighbors;. For any

number ofk neighbors there are at mégk;-1)/2 possible connections. This happens
when each node in the neighborhood is connecteddny other node in the
neighborhood (the central point is not part ofieeghborhood). In our example there are
five links between the neighbors. Thus5. Then, the clustering coefficient for nade
Ci=2 i/(k-1)k [1]. Based on this definition the clustering cogént varies between [0,

1]. The averag€; over all nodes provides the clustering coefficiginthe networkC.

For a fully connected netwo®=1 and for a random netwo@=<k>/N where<k> is

the average number of links per node Bind the total number of nodes in the network.
The clustering coefficient relates to the localdakeness” and the higher it is the better
the network can withstand the effect of link remowaich tends to fragment the

network thereby making it less stable (more random)

3. The problem

In the specific case of scale-free networks [2]ichtare characterized by the presence of
supernodes, the clustering coefficient as defindd]i predicts that removal of the
supernodes results in a decrease of the clusteoefficient. This, however, may not be

the case for scale-free network constructed fratddi with spatial correlations. Such



scale-free networks are more realistic in the platsvorld and may exhibit interesting
features and properties [3]. For example, conglienetwork constructed from the
extratropical (30 N-90 N) 500 hPa field (Fig. 2p)XoA 500 hPa value indicates the
height of the 500 hPa pressure level and providgsod representation of the general
circulation (wind flow) of the atmosphere. Here tte¢a in the period December-March
at a resolution of 2% 2.5’ are used. For each grid point a time series ofthipn
anomaly values in the period December-February ft880 to 2004 is available. Thus, it
is assumed that the general atmospheric circulaiogpresented by a grid of oscillators
each one of them representing a dynamical systeyingain some complex way. This
field is characterized by local spatial correlai@xtending up to some characteristic
scale as well as long range spatial correlatiansohstructing the network each grid
point is a node and two nodes are considered asected if the absolute value of the
correlation coefficient of their respective timeise is greater or equal to 0.5. The
architecture of the resulted network is presentegig. 2 (top), which shows the area
weighted number of total links (connections) atregeographic location. More
accurately it shows the fraction of the total afest a point is connected to. This is a
more appropriate way to show the architecture efnstwork because the network is a

continuous network defined on a sphere [4]. THus node is connected tdl other
nodes af \ latitudes then its area weighted connecti‘ﬁﬁywhich is analogous to the

degree of nod®, is defined as

cos/ (1)
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where is the longitude. In the above expression the aemator is the area of the
northern hemisphere surface north of 30 N and timemnator is the area of that surface a
node is connected to. We observe that the resa#iedork is characterized by the
presence of dominant supernodes; a property oé$ozd networks [2]. As has been
extensively discussed [4-6] this network has indeegberties of scale-free networks and
these supernodes correspond to two major atmosgieéconnection patterns: the
Pacific North America (PNA) [7] pattern and the NoAtlantic Oscillation (NAO) [8-

10].

As mentioned above in aspatial scale-free netwak®val of supernodes results in a
smaller clustering coefficient; a direct conseq@eotthe network becoming more
fragmented and more random [11]. But in our cagefind that this is not the case. Most
of the neighbors of a node are close in space @t on the left in Fig. 3; the tone of
the gray area indicates the strength of local tatioms extending up to some
characteristic space scale). Super nodes may reectad to far away nodes but these far
away nodes have a low probability of being conrgbeth each other (in this case the
clustering coefficient is smaller than it would leaween if far away nodes had a high
chance to be connected). When we remove a superweeffectively remove most of

its long-range links while background local cortigas still remain. In this case the
neighborhood consists only of nodes in the clopatial) vicinity of the super node (gray
area on right in Fig. 3). Thus, in effect, the idigrhood becomes smaller and in that
neighborhood neighbors may still be well conne¢bstause of their local correlations),

which implies that the clustering coefficient aftemoving the super nodes may not



decrease as expected in classical aspatial netwarkact, as we will see below, the
clustering coefficient, after removing supernodemains practically unaffected.
Arguably, since removing links makes the netwodsleonnected its stability must be
affected. Thus, (whether it is climate or any otéystem we are interested in) it will be
desirable to maintain a measure that reflectstémdency. In order to do this we need a
modification of the procedure to estimate the @usg coefficient in spatially extended
networks. Note, that removal of supernodes in swtivorks does not affect the other

measure (the diameter), which, as expected, ineseagh removal of long-range links.

3. Proposed solution

Before we continue with our proposed modificatiéhe procedure to estimate the
clustering coefficient in networks with spatial eglations we need to explain how we
remove supernodes in our example. Empirical Orthagbunction (EOF) analysis is a
well known procedure in the atmospheric sciencéschv‘decomposes” a signal into
modes (EOFs) of variability. Each mode explains s@fthe variance observed in the
data. The first EOF explains most of the variaace] so on. Fig. 4 shows th& and 2
EOF of the extratropical (30 N-90 N) 500 hPa fieklg. 4 is consistent with previous
studies suggesting that these first two EOFs cporas to NAO and PNA. In our case
EOF 1 corresponds to the PNA pattern, and EOFNAO, albeit the difference in
variance explained is very small (16% and 14%,aetyely). The correlations between
the NAO and PNA indices and the corresponding teaimmmponents (PCA loadings)

are close to 0.9. The interesting feature of EC&yais is that we can use the results to



approximate the original data by including only EQthich contribute significantly to
total variance. In this process we can excludesigr@ficant mode (PNA or NAO) to
construct new data without that mode. This way am @onstruct a climate without the
PNA pattern or without the NAO. This provides ushaa method to study the
architecture of the network after the removal gdesunodes. The networks without the

PNA and NAO are shown in Fig. 2 in the lower towmels.

The clustering coefficients estimated accordinthetraditional way for the three
networks in Fig. 2 are 0.52, 0.52, and 0.56, retppadyg. Thus, as suggested above,
removal of supernodes leaves the clustering coeffigpractically unaffected. In
addition, we note that the clustering coeffici€fk) over nodes with degrdeas
practically independent dfrather than being a power law as expected frorated[scale
free networks. We note here that this peculiar behdas been observed in other studies
of networks with spatial correlations [12, 18]t it was not recognized as a probldm
order to account for this adverse effect we pro@osgariation of the definition of the
clustering coefficient. Other studies have in thstglealt with the issue of correlations
between nodes but not necessarily on a latticel[3},The procedure to estimate a
modified clustering coefficient is outlined in Fig§. The top left panel shows again a
hypothetical 2-D uniform grid (where now each gegresents a square of area, say 1
Km? and where spatial correlations may exists) andinke of the central nodie

According to this information the central pointisnnected to eight other nodes. This
means tha('fi = 8/25. This number is specific to the central nadéd defines the size of

the closest (in space) neighborhood to the cent@é, which, accordingly, will be the



closest eight squares shown on the top right pamekher words the closest
neighborhood, which in classical networks can besat of points anywhere in the
network, becomes in this approach the closestapeatighborhood and its size depends
on the connectivity of node The top right panel shows all the links betweden t
representative grid points in this neighborhoodiadpere the central point is not part of
the neighborhood). The lower eight panels corregporthe eight neighbors and show
the area each grid point is connected to. For elgtie first of these eight panels
corresponds to the upper left neighbor and showsitba on the grid that it is connected
to (black square). This number, (1), is indicatadtee top of this panel. The number in
the parenthesis, (7), is the maximum number of iggpuidnat each node could be
connected to. Doing this for all eight neighborsfime that the neighbors are connected
to a sum of 8 squares. Dividing this number byrtfaimum sum possible (8x7 squares)
gives the clustering coefficient of the central @00.1428. More formally, the modified
clustering coefficient for a nodes defined a£,=2 mi/(k-1)k, where n, is the number

of distinct links (four in the above illustratiobtween pairs of nodes in the closest
spatial neighborhood of nodelefined byC'fi , and(ki-1)k/2 is the maximum number of

possible distinct links betwedgqinodes (28 in our illustration). Based on this dé&bn
the clustering coefficient varies again betweerlJOThis approach considers in the
estimation ofC the effect of spatial correlations within a “ramgfa@nfluence” of a node
which depends on its connectivity. The above praoedan easily be extended to the

surface of a sphere with the help of equationNb)e that because we are now
calculating on the Earth’s surface north of 30l &rea provided béi may not always

be a circle, but it could be some arc sector.



Table 1 shows the results when the above appreambplied. It also shows the results
from a variation of this approach which uses fbnables a fixed size neighborhood
equal to the average connectivity in the netwotather in parenthesis). The results
indicate that the modified clustering coefficieftloe network without PNA is virtually
unchanged compared to the complete network, whandhe network without NAO they
are significantly smaller (20%). Here we need tess the following: As we mentioned
above, when the long range links due to telecommesaire removed the closest
neighborhood of a super node becomes smaller arfthed in the vicinity of the super
node. One may argue then that even in the modigidoach the clustering coefficient
after removing the super node may not decreasaibedhe local correlations cause most
of nodes in the vicinity of the super node to beraxted. It follows that in order for the
proposed approach to work, i.e. to get a smallesteling coefficient, the removal of a
super node has to alseaken local correlationsThis conjecture is illustrated in Fig. 6,
which is a modification of Fig. 3. On the left thiggger rectangle indicates the closest
spatial neighborhood in the modified approach (vhgige as explained above is the
connectivity of the central node,the difference in area between the outer andrinne
rectangle is the connectivity due to long-rangkd)n This gives a value for the clustering
coefficient for node, C;. After the removal of the long range links the mectivity and
thus the new modified neighborhood of nadle smaller (the size of the inner rectangle)
and in that neighborhood the strength of localaations has weakened (this is indicated
by a lighter shade of gray). As a result therenane less connections and the clustering

coefficient of node is C’i< C;. This conjecture is verified by the data. Fighdws for



the 500hPa field used here the average correlagbmeen two points as a function of
distance for the complete field and for the fiaMdthout PNA and without NAO. We see
that when the PNA is removed the correlation stmgctemains unchanged. However,
when NAO is removed the correlation structure weakat all scales up to 7000 Km; a
result consistent with the results in Table 1. Tieatoval of the PNA has no effect is due
to the dynamics of the climate system. The PNAlisear response to tropical forcing
whereas NAO depends on the dynamics in the expiasoWhen the PNA is removed,
NAO reacts by becoming more dominant (comparedpehd middle panels of Fig. 2).
This compensates for the loss in correlations dubd removal of the PNA and the
average correlation structure remains intact. WtherNAO is removed this extratropical
forcing does not trigger a major response to PNAn(gare top and bottom panels of Fig.
2), and the loss in correlations from the remov¥a&lAO is not compensated. This causes
the average correlation structure to weaken. Tingistency between the estimated
clustering coefficients and the results in Figndicate that in our case the proposed
approach is a proper approach to estimate a dlogteoefficient that maintains the
interpretation of the clustering as a measureaifity of the network. Recently, further
application of this approach to climate systemdtasvn that atmospheric
teleconnections (supernodes) are climate stalsliaed that their removal may make the
system unstable enough to shift it to a new s#jta\ote that the weakening of local
correlations does not have the same effect onltis¢ecing coefficient estimated the
traditional way because in our network the nodg¢l@aends of long range links of super
nodes have a low probability of being connectedhwach other. After the removal these

long range links, the local correlations in the mexighborhood of that node may have
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weaken but not sufficiently to offset the effeci@iv connectivity between far away

nodes in the complete network.

4. Conclusions

In networks with spatial correlations the definitiof the closest neighborhood in the
estimation of the clustering coefficient may hawvde revised. If the classical definition
of clustering coefficient is applied to such netkmremoval of supernodes may not
result in a decrease of the clustering coefficamit does in aspatial networks. If we then
desire to maintain a measure that still relatabecstability of the network the definition
of the clustering coefficient must be revised. Heeepropose one possible modification
which when applied to a specific network appeansddk. Our analysis suggests that in
the case of spatially correlated networks the dyosiof the physical system underlying
the network are very important in the definitionaofneaningful clustering coefficient.
We believe that this approach will be useful fdrestnetworks where spatial correlations

are present provided that removal of supernode&ensahe local correlation structure.
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TABLE 1: Clustering coefficient for the networksisiolered

Modified Clustering

Coefficient
Complete network 0.34 (0.33)
Network without PNA 0.33 (0.33)

Network without NAO 0.27 (0.26)
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Figure captions

Fig.1: lllustration of the method to estimate thestering coefficient (see text for
details).

Fig. 2: Total number of links (connections) at egebgraphic location for the
extratropical network (30 N-90 N). (b) Same ashat)for the network without PNA. (c)
Same as (a) but for the network without NAO.

Fig. 3: An illustration of the reason why the claasapproach to estimate the clustering
coefficient in networks with spatially correlateddes does not decrease when
supernodes are removed. In a network with spadiaétations most of the neighbors of a
node are close in space (gray area on the lefigin3i-the tone of the gray area indicates
the strength of local correlations extending updme characteristic space scale). Super
nodes may be connected to far away nodes but theagiay nodes have a low
probability of being connected with each other ¢h@e assume no links between far
away nodes). When we remove a super node we e@#ctemove its long-range links
while background local correlations still remaim. this case the closest neighborhood
consists only of nodes in the close (spatial) vigiaf the super node (gray area on right
in Fig. 3). Thus, in effect, the neighborhood beesramaller and in that neighborhood
neighbors may still be well connected (becauséeai tocal correlations), which implies
that the clustering coefficient after removing fuper nodes may not decrease as
expected in classical aspatial networks.

Fig. 4: EOF1 and EOF2 of the observed extratrofio@hPa flow.
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Fig. 5: lllustration of the method to estimate thestering coefficient in networks with
spatial correlations (see text for details).

Fig. 6: lllustration of the conjecture that remowvékupernodes weakens local
correlations. See text for further explanation.

Fig. 7: A proof for the conjecture illustrated irgF6. This figure shows for the 500 hPa
field used here the average correlation betweerpouats as a function of distance, for
the complete field and for the fields without PNAdawithout NAO. See text for more

details.
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Fig.1: lllustration of the method to estimate thestering coefficient (see text for

details).
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Fig. 2: (top) Same as Fig. 2 but for the extrategdinetwork (30 N-90 N). (middle) Same
as (a) but for the network without PNA. (bottomin®aas (a) but for the network without

NAO.

17



Fig. 3: An illustration of the reason why the clasé approach to estimate the clustering
coefficient in networks with spatially correlateddes does not decrease when
supernodes are removed. In a network with spatiadetations most of the neighbors of
a node are close in space (gray area on the lefflign 3; here the tone of the gray area
indicates the strength of local correlations exti@gdup to some characteristic space
scale). Super nodes may be connected to far awdgsraut these far away nodes have a
low probability of being connected with each otffegre we assume no links between far
away nodes). When we remove a super node we effgatemove its long-range links
while background local correlations still remaiim this case the closest neighborhood
consists only of nodes in the close (spatial) vigiof the super node (gray area on right
in Fig. 3). Thus, in effect, the neighborhood beesismaller and in that neighborhood
neighbors may still be well connected (becauséaif tocal correlations), which implies
that the clustering coefficient after removing suger nodes may not decrease as

expected in classical aspatial networks.
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Fig. 4: EOF1 and EOF2 of the extratropical 500hfRaw.
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Fig. 5: lllustration of the method to estimate tHestering coefficient (see text for

details).
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Fig. 6: lllustration of a conjecture that removdl supernodes weakens local

correlations. See text for further explanation.
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Fig. 7: A proof for the conjecture illustrated ing- 6. This figure shows for the 500 hPa
field used here the average correlation betweenguiats as a function of distance, for

the complete field and for the fields without PN avithout NAO. See text for more

details.
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