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1 Introduction

Stationary distributions for Markov processes can typically be characterized as probability
measures that annihilate the corresponding generator. Suppose A is the generator for a
Markov process X with state space F, where X is related to A by the requirement that

f(X(t))—f(X(O))—/O Af(X(s))ds (1.1)

be a martingale for each f € D(A). (We say that X is a solution of the martingale problem
for A.) If p is a stationary distribution for A, that is, there exists a stationary solution of
the martingale problem with marginal distribution p, then since (1.1) has expectation zero,
we have

/ Afdp =0, f€D(A). (1.2)

More generally, if {v; : ¢ > 0} are the one-dimensional distributions of a solution, then they
satisfy the forward equation

/Efdut_[Efdqur/ot/EAfdusds, feD(A). (1.3)

Conversely, if p satisfies (1.2), then under mild additional assumptions, there exists a
stationary solution of the martingale problem for A with marginal distribution u, and if
{vy : t > 0} satisfies (1.3), then there should exist a corresponding solution of the martingale
problem. (See [11], Section 4.9.)

Many processes of interest in applications (see, for example, the survey paper by Shreve
[24]) can be modelled as solutions to a stochastic differential equation of the form

dX(t) = b(X(s),u(s))ds + o(X(s),u(s))dW(s) + m(X(s—),u(s—))ds (1.4)

where X is the state process with £ = R%, u is a control process with values in Uy, € is a
nondecreasing process arising either from the boundary behavior of X (e.g., the local time
on the boundary for a reflecting diffusion) or from a singular control, and W is a Brownian
motion. (Throughout, we will assume that the state space and control space are complete,
separable metric spaces.) A corresponding martingale problem can be derived by applying
It0’s formula to f(X(¢)). In particular, setting a(z,u) = ((ai;(z,u))) = o(z,u)o(z,u)’, we
have

X)) — F(X(0)) - / AF(X(s),u(s))ds — / B (X (s—), u(s—), 66(s))dé(s)

_ / V(X (5))To(X(s),u(s))dW(s),  (L5)
where §¢(s) = &(s) — &(s—),
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and
flz+om(z, u) — f(z)
5 )
with the obvious extension to Bf(x,u,0) = m(z,u) - Vf(xz). We will refer to A as the
generator of the absolutely continuous part of the process and B as the generator of the
singular part, since frequently in applications & increases on a set of times that are singular
with respect to Lebesgue measure. In general, however, £ may be absolutely continuous or
have an absolutely continuous part.
Suppose the state process X and control process u are stationary and that the non-
decreasing process £ has stationary increments and finite first moment. Then there exist
measures po and gy satisfying

Bf(z,u,d) =

d >0, (1.6)

po(H) = E[Ig(X(s),u(s))], H e BR?x Up),

for each s and

j1(Hy x Hy) = %E[/O ity (X (5—),u(s—), 06(s))d€,],  Hy € B(R? x Uy), Hs € B0, 00),

for each ¢t. Let D be the collection of f € Uz(Rd) for which (1.5) is a martingale. Then the
martingale property implies
Blf(X(t 1 ! 1
SHEOL 2| [ aroronis| =8| [ Xy atam) e
0 0,
E[f(X(0))]
t

and, under appropriate integrability assumptions,

/ Af(z,u)po(de x du) +/ Bf(xz,u,v)p(de x du x dv) =0, (1.7)
Rex Uy Rex Uy x[0,00)
for each f € D.

As with (1.2), we would like to show that measures o and p; satisfying (1.7) correspond
to a stationary solution of a martingale problem defined in terms of A and B. The validity
of this assertion is, of course, dependent on having the correct formulation of the martingale
problem.

1.1 Formulation of martingale problem

For a complete, separable, metric space S, we define M (S) to be the space of Borel mea-
surable functions on S, B(S) to be the space of bounded, measurable functions on S, C(5)
to be the space of continuous functions on S, C(S) to be the space of bounded, continuous
functions on S, M(S) to be the space of finite Borel measures on S, and P(S) to be the
space of probability measures on S. M(S) and P(S) are topologized by weak convergence.

Let £,(S) = M(S x [0,t]). We define L£(S) to be the space of measures £ on S x [0, 00)
such that &(S x [0,t]) < oo, for each t, and topologized so that &, — ¢ if and only if
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[ fdé, — [ fdg, for every f € C(S x [0,00)) with supp(f) C S x [0,¢f] for some ¢; < oco.
Let & € L£+(S) denote the restriction of £ to S x [0,¢]. Note that a sequence {£"} C L(S5)
converges to a & € L(S) if and only if there exists a sequence {t;}, with ¢, — oo, such that,
for each ty, & converges weakly to &, , which in turn implies ' converges weakly to & for
each t satisfying £(S x {t}) = 0. Finally, we define £(™)(S) C L(S) to be the set of ¢ such
that £(S x [0,t]) =t for each t > 0.

Throughout, we will assume that the state space E and control space U are complete,
separable, metric spaces.

It is sometimes convenient to formulate martingale problems and forward equations
in terms of multi-valued operators. For example, even if one begins with a single-valued
operator, certain closure operations lead naturally to multi-valued operators. Let A C
B(FE) x B(FE). A measurable process X is a solution of the martingale problem for A if there
exists a filtration {F;} such that, for each (f,g) € A,

f(X(t))—f(X(O))—/O 9(X(s))ds (1.8)

is an {F;}-martingale. Similarly, {14 : ¢ > 0} is a solution of the forward equation for A if,

for each (f,g) € A,
/ fdv, = / fdw +/ / gdvgds, t>0. (1.9)

Note that if we have a single valued operator A : D(A) C B(E) — B(FE), the “A” of (1.8)
and (1.9) is simply the graph {(f, Af) € B(E) x B(E) : f € D(A)}.

Let Ag be the linear span of A. Note that a solution of the martingale problem or forward
equation for A is a solution for Ag. We will say that A is dissipative if and only if Ag is
dissipative, that is, for (f,g) € Ag and A > 0,

IAf = gll = AllfII-

An operator A C B(E) x B(E) is a pre-generator if A is dissipative and there are
sequences of functions p, : £ — P(E) and A\, : E — [0, 00) such that, for each (f,g) € A,

g(z) = lim A, (2) /E (F(8) — (&) an(e ). (1.10)

n—oo

for each x € E. Note that we have not assumed that p, and ), are measurable functions of
T.

Remark 1.1 If A C C(E) x C(E) (C(E) denotes the bounded continuous functions on E)
and for each x € E, there exists a solution v* of the forward equation for A with v§ = 0, that
is right-continuous (in the weak topology) at zero, then A is a pre-generator. In particular,

if (f,g9) € A, then

/OOO “AYE(Nf — g)dt :/0 e MUt fdt — / Ae—“/ygdsdt

= fl=)



which implies ||Af —g|| > Af(x) and hence dissipativity, and if we take A\, = n and p,(x,-) =

x
Vl/n’

|=

n /E () = @)W = (W f — f(z) =1 / " vrgds — g(z).

(We do not need to verify that v7 is a measurable function of x for either of these calcula-
tions.)

If E is locally compact and D(A) C C(E) (C(E), the continuous functions vanishing
at infinity), then the existence of A, and p, satisfying (1.10) implies A is dissipative. In
particular, Ags will satisfy the positive maximum principle, that is, if (f,g) € As and f(xy) =
I fll, then g(zo) < O which implies

IAf = gll = Af(x0) — g(wo) = Af(zo) = Al f]-

If E is compact, A C C(E) x C(E), and A satisfies the positive mazimum principle,
then A is a pre-generator. If E is locally compact, A C a(E) X a(E), and A satisfies the
positive mazimum principle, then A can be extended to a pre-generator on E®, the one-point
compactification of E. See Ethier and Kurtz (1986), Theorem 4.5.4.

Suppose A C C(E) x C(E). If D(A) is convergence determining, then every solution
of the forward equation is continuous. Of course, if for each x € E there exists a cadlag
solution of the martingale problem for A, then there exists a right continuous solution of the
forward equation, and hence, A is a pre-generator.

To obtain results of the generality we would like, we must allow relaxed controls (controls
represented by probability distributions on U) and a relaxed formulation of the singular part.
We now give a precise formulation of the martingale problem we will consider. To simplify
notation, we will assume that A and B are single-valued.

Let A,B: D C C(E) — C(E xU) and vy € P(E). (Note that the example above
with B given by (1.6) will be of this form for D = C? and U = U x [0,00).) Let (X, A)
be an E x P(U)-valued process and I' be an L(E x U)-valued random variable. Let I';
denote the restriction of I' to £ x U x [0,¢]. Then (X,A,I') is a relaxed solution of the
singular, controlled martingale problem for (A, B, 1) if there exists a filtration {F;} such
that (X, A, T';) is {F;}-progressive, X (0) has distribution v, and for every f € D,

F(X(1)) —/0 /UAf(X(s),u)As(du)ds —/ Bf(x,u)l'(dx x du x ds) (1.11)

ExUx|0,t]

is an {F; }-martingale.

For the model (1.4) above, the L(E x U)-valued random variable I' of (1.11) is given by
D(H x [0,4]) = fy Tu(X (s=), u(s—), 6&(s))d&..

Rather than require all control values u € U to be available for every state x € E, we
allow the availability of controls to depend on the state. Let Y C E x U be a closed set, and
define

Uy ={u: (z,u) €eUU}.



Let (X, A,T') be a solution of the singular, controlled martingale problem for (A, B, 1). The
control A and the singular control process I' are admissible if for every t,
t
/ Iy (X (s),u)As(du)ds = t, and (1.12)
0
LU x [0,t]) =T(E x U x [0,t]). (1.13)

Note that condition (1.12) essentially requires A4 to have support in U, when X (s) = .

1.2 Conditions on A and B

We assume that the absolutely continuous generator A and the singular generator B have
the following properties.

Condition 1.2 4§) A/ B:DC C(E)— C(ExU),1€D, and Al =0, B1 = 0.
ii) There ezist Ya,vp € C(E x U), Ya, g > 1, and constants ay, by, f € D, such that

|Af(z,u)| < appa(x,u), |Bf(z,u)| < bppp(x,u), V(x,u) € U.

iii) Defining (Ao, Bo) = {(f, v Af,v5'Bf) : f € D}, (Ao, By) is separable in the
sense that there exists a countable collection {gr} C D such that (Ay, By) is con-
tained in the bounded, pointwise closure of the linear span of {(gx, Aogk, Bogr) =

(gk7 wglAgka wélng)}

iv) For each u € U, the operators A, and B, defined by A, f(z) = Af(z,u) and B, f(x) =
Bf(x,u) are pre-generators.

v) D is closed under multiplication and separates points.

Remark 1.3 Condition (ii), which will establish uniform integrability, has been used in [27]
with v only depending on the control variable and in [4] with dependence on both the state
and control variables. The separability of condition (iii), which allows the embedding of the
processes in a compact space, was first used in [2] for uncontrolled processes. The relazation
to the requirement that A and B be pre-generators was used in [19)].

The generalization of (1.7) is

/ Af(z,u)po(de x du) —|—/ Bf(xz,u)p(dx x du) = 0, (1.14)
ExU ExU
for each f € D. Note that if 14 is pug-integrable and g is pi-integrable, then the integrals
in (1.14) exist.

Example 1.4 Reflecting diffusion processes.



The most familiar class of processes of the kind we consider are reflecting diffusion processes
satisfying equations of the form

X(t):X(O)—l—/O a(X(s))dW(s)—ir/O b(X(s))ds—l—/O m(X(s))d¢(s),

where X is required to remain in the closure of a domain D (assumed smooth for the moment)
and ¢ increases only when X is on the boundary of D. Then there is no control, so

Af(w) = 5 3 ae) 5 ) + o) - V().

2y

where a(z) = ((a;;(2))) = o(z)o(z)”. In addition, under reasonable conditions & will be
continuous, so

Bf(x) =m(z)-Vf(z).

If 149 is a stationary distribution for X, then (1.14) must hold with the additional restrictions
that y is a probability measure on D and i is a measure on 0D.

If m is not continuous (which is typically the case for the reflecting Brownian motions that
arise in heavy traffic limits for queues), then a natural approach is to introduce a “control”
in the singular/boundary part so that Bf(z,u) = u - Vf(x) and the set Y C D x U that
determines the admissible controls is the closure of {(z,u) : x € 0D, u = m(z)}. Then

X(8) = X(0) + /O (X () AW (s) + /O (X ())ds + /O t /U uA(du)de(s),

where again, under reasonable conditions, £ is continuous and by admissiblity, A, is a prob-
ability measure on Ux(s). In particular, if m is continuous at X(s), then [, uA (du) =
m(X(s)), and if m is not continuous at X (s), then the direction of reflection [, uA (du) is
a convex combination of the limit points of m at X(s).

Example 1.5 Diffusion with jumps away from the boundary.

Assume that D is an open domain and that for x € 9D, m(x) satisfies x + m(x) € D.
Assume that

X(t) :X(O)jt/O a(X(s))dW(s)+/0 b(X(s))ds+/0 m(X(s—))d&(s),

where ¢ is required to be the counting process that “counts” the number of times that X
has hit the boundary of D, that is, assuming X (0) € D, X diffuses until the first time 7
that X hits the boundary (7, = inf{s > 0 : X(s—) € dD}) and then jumps to X (1) =
X(11—) +m(X(m—)). The diffusion then continues until the next time 7, that the process
hits the boundary, and so on. (In general, this model may not be well-defined since the {7}
may have a finite limit point, but we will not consider that issue.) Then A is the ordinary

diffusion operator, Bf(z) = f(x +m(z)) — f(x), and I'(H x [0,t]) = f(f Iy (X (s—))dE(s).



Models of this type arise naturally in the study of optimal investment in the presence of
transaction costs. (See, for example, [8, 25].) In the original control context, the model is of
the form

X(t):X(O)—l—/O U(X(s))dW(s)—i-/O b(X(s))ds—i—/O u(s—)d&(s),

where £ counts the number of transactions. Note that £ is forced to be a counting process,
since otherwise the investor would incur infinite transaction costs in a finite amount of time.
We then have A as before and Bf(z,u) = f(z +u) — f(z). D and m are then determined
by the solution of the optimal control problem.

Example 1.6 Tracking problems.

A number of authors (see, for example, [14, 26]) have considered a class of tracking problems
that can be formulated as follows: Let the location of the object to be tracked be given by
a Brownian motion W and let the location of the tracker be given by

vio=vo-+ [ (o= )de (),

where |u(s)| = 1. The object is to keep X = W — Y small while not consuming too much
fuel, measured by &. Setting X (0) = —Y'(0), we have

X(0) = X0+ wio) - | (o= )de (),

so Af(z) = 3Af(z) and
[l —ud) — f(x)
5 ;
extending to Bf(z,u,d) = —u - Vf(z) for 6 = 0. As before, § represents discontinuities in
&, that is the martingale problem is

Bf(z,u,d) =

FOE0) = FXO) = [ SARX s = [ BFX(s).utsm), d6(5)) ).

For appropriate cost functions, the optimal solution is a reflecting Brownian motion in a
domain D.

1.3 Statement of main results.

In the context of Markov processes (no control), results of the type we will give appeared
first in work of Weiss [29] for reflecting diffusion processes. He worked with a submartingale
problem rather than a martingale problem, but ordinarily, it is not difficult to see that the
two approaches are equivalent. For reflecting Brownian motion, (1.7) is just the basic adjoint
relationship consider by Harrison et. al. (See, for example, [7].) Kurtz [16] extended Weiss’s
result to very general Markov processes and boundary behavior.
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We say that an L£(F)-valued random variable has stationary increments if for a; < b;,
i =1,...,m, the distribution of (I"(Hy X (t+ay,t+b1]), ..., [(Hp X (t+am, t+0by,])) does not
depend on t. Let X be a measurable stochastic process defined on a complete probability
space (2, F, P), and let N' C F be the collection of null sets. Then FX = o(X(s) : s < t),
.Tf( = N Vv FX will denote the completion of F/*, and .7_7; = ﬂs>t]_-—;(. Let F4 and Ey be
complete, separable metric spaces. q : By x B(Ey) — [0, 1] is a transition function from E; to
E, if for each x € Ey, q(x,-) is a Borel probability measure on FEy, and for each D € B(Es),
q(-, D) € B(Ey). If E = E, = E,, then we say that ¢ is a transition function on E.

Theorem 1.7 Let A and B satisfy Condition 1.2. Suppose that py € P(E x U) and
w1 € M(E x U) satisfy

po(U) = po(E x U) =1, mU) = (E xU), (1.15)
/wA(:U,u)uo(dw X du) + /wB(:c,u),ul(dx X du) < 00, (1.16)
and
/ Af(x,u)uo(dxxdu)—i—/ Bf(xz,u) p(dz x du) =0, VfeD. (1.17)
ExU ExU

Fori=0,1, let u¥ be the state marginal y1; and let n; be the transition function from E to
U such that p;(dx x du) = n;(x, du)u (dz).

Then there exist a process X and a random measure I' on E x [0,00), adapted to {ffi},
such that

o X is stationary and X (t) has distribution uy .
o I" has stationary increments, I'(E x [0,t]) is finite for each t, and E[I'(- x [0,t])] = tp(-).
o For each f € D,

FX () - / / AF(X(s), ) (X (s), du)ds
- / / B (y.w) m(y, du) T(dy x ds) (1.18)
Ex[0,t] JU

is an {?ii}—martmgale.

Remark 1.8 The definition of the solution of a singular, controlled martingale problem did
not require that I' be adapted to {?ir}, and it 1s sometimes convenient to work with solutions
that do not have this property. Lemma 6.1 ensures, however, that for any solution with a
nonadapted I', an adapted I' can be constructed.

Theorem 1.7 can in turn be used to extend the results in the Markov (uncontrolled) setting
to operators with range in M (FE), the (not necessarily bounded) measurable functions on F,
that is, we relax both the boundedness and the continuity assumptions of earlier results.
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Corollary 1.9 Let E be a complete, separable metric space. Let 121\, B:DcC C(E) — M(E),
and suppose fig € P(E) and j11 € M(E) satisfy

/E?lf(a:)ﬁo(dx)+[E§f(x)a1(dx):o, Vf € D. (1.19)

Assume that there exist a complete, separable, metric space U, operators A, B : D — C(E x
U), satisfying Condition 1.2, and transition functions ny and n; from E to U such that

A\f(:v):/UAf(:L',u)no(:c,du), B\f(:c):/UBf(a:,u)m(:c,du), VfeD,

and

Ya(z,u)no(r, du)pio(dz) + Yp(r,u) m(z, du)i (dr) < oo
ExU ExU

Then there exists a solution (X,T") of the (uncontrolled) singular martingale problem for
(A, B, 1i9) such that X is stationary and I' has stationary increments.

Remark 1.10 For E = R?, by appropriate selection of the control space and the transition
functions n;, A and B can be general operators of the form

1

Ty V@)l dn),

%izjaij(x)%f(x) +b(z) - Vf(z)+ /Rd(f(a: +y) — flz) -

where a = ((a;;)) is a measurable function with values in the space of nonnegative-definite
d x d-matrices, b is a measurable R*-valued function, and v is an appropriately measurable
mapping from R? into the space of measures satisfying [pa |y|* A 17(dy) < oc.

Proof. Define pug(dx x du) = no(z,du)pig(dx) and pi(dx x du) = m(z,du)pi(dz) . The
corollary follows immediately from Theorem 1.7. 0J

Applying Corollary 1.9, we give a corresponding generalization of Proposition 4.9.19 of
Ethier and Kurtz [11] and Theorem 3.1 of Bhatt and Karandikar [2] regarding solutions of
the forward equation (1.3). With the singular operator B, the forward equation takes the

form ,
/fdut:/fdyoJr/ /deuSdH/ Bfdu, feD, (1.20)
E E 0 E Ex[0,t]

where {1, : t > 0} is a measurable P(FE)-valued function and p is a measure on E X [0, 00)
such that p(E x [0,t]) < oo for every ¢.

Theorem 1.11 Let A\,E C C(E)x M(E), no, m, A, B, ¥4 and ¥p be as in Corollary 1.9.
Let {v; : t > 0} and p satisfy (1.20) and

[ e[ vt e duwde)ds
0 ExU
+/ e Y, u)m(x,du)u(dr x ds) < oo, (1.21)
ExUx0,00)
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for all sufficiently large o« > 0. Then there exists a solution (X,T") of the singular martingale
problem for (A, B, po) such that for each t > 0, X(t) has distribution v, and E[T] = p.

If uniqueness holds for the martingale problem for (2, E, 1) in the sense that the distri-
bution of X is uniquely determined, then (1.20) uniquely determines {v;} among solutions
satisfying the integrability condition (1.21).

The standard approach of adding a “time” component to the state of the process allows
us to extend Theorem 1.11 to time inhomogeneous processes and also relax the integrability
condition (1.21).

Corollary 1.12 Let E be a complete, separable metric space. Fort > 0, let A\t,B\t :D C
C(E) — M(E). Assume that there exist a complete, separable, metric space U, operators
A,B : D — C(F x [0,00) x U), satisfying Condition 1.2 with x replaced by (x,t), and
transition functions ny and ny from E x [0,00) to U such that for each t > 0,

A\tf(x):/UAf(:L‘,t,u)nO(x,t,du), Etf(x):/UBf(x,t,u)m(x,t,du), VfeD.

Suppose {vy : t > 0} is a measurable P(E)-valued function and p is a measure on
E x [0,00) such that for each t >0, u(E x [0,t]) < oo,

/ / a(z, s, u)no(x, s, du)vs(dr)ds +/ / Yp(z,u) m(z, du)p(de x ds) < oo,
Bx[04] JU Bx[04] JU 122

and
[Efdut:[Efduﬁ/Ot/EﬁsfdysdH/EXM B f(x)u(de x dz), feD.  (1.23)

Then there exists a solution (X,I') of the singular martingale problem for (%Al, é, W), that is,
there exists a filtration {F;} such that

FOX()) — F(X(0)) — / A f(X(s))ds — /E Bl < as

is a {F;}-martingale for each f € D, such that for each t > 0, X(t) has distribution v; and
E[l' = u. L

If uniqueness holds for the martingale problem for (A, B,vy) in the sense that the distri-
bution of X is uniquely determined, then (1.23) uniquely determines {v;} among solutions
satisfying the integrability condition (1.22).

Proof. Let 5(t) > 0 and define 7 : [0,00) — [0, 00) so that
™ 1
——ds =1,
e
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that is, 7(t) = B(7(t)). Defining 7 = v,y and [ so that

/ B(1(s))h(x, 7(s))u(dx x ds) = / h(z, s)u(dz x ds),
Ex[0,t] Ex[0,7(t)]

we have

[E fdp, = [E fdDo+ /0 /E B(7(s)) Ar o) fdeds+ / B(7(8)) Brs f(x)fi(dexdzx) , [ €D.

Ex[0,t]

Note also that ( can be selected so that 7(t) — oo slowly enough to give

/000 e—t[/EX[OT /@/)A(x,s,u) no(, s, du)vy(dz)ds

+/E><[0‘r /1/)3 x,s,u) N (x, s, du)u(de x ds)dt
:/ [ /2/),4 x,7(s),u) no(x, 7(s), du)vs(dx)ds
Ex[0,00)
+/E><[Ooo /¢B x,7(s),u) m(x, 7(s), du)p(dx x ds)

< Q.
It follows that {7} and i satisfy (1.21) for $A<£L‘, s,u) = B(7(s))Ya(x, 7(s),u) and JB(JJ, s, u) =
B(7(s))vp(x,7(s),u). Note also that if
FX () - / B(r() Aro f (X (5))ds — / B(7()) Brgay (@)1 (d x ds)
Ex[0,t]

is a {F}-martingale for each f € D, X(t) has distribution 7, and E[] = Ji, then (X,T)
given by X (t) = )A((T‘l(t)) and I'(G x [0,t]) = fOT_ ® ﬁ(T(s))f(G X ds) is a solution of the
martingale problem for (A, B, ), X (t) has distribution v, and E[['] = p.

For simplicity, we assume that we can take § = 1 in the above discussion. Let D, be
the collection of continuously differentiable functions with compact support in [0,00). For
v € Dy and f € D, define A and B by

A, 8) = 7(8)Asf(2) + F(@)Y (), BOrf)(w,5) = 7(s)B,f (=),
and define 7y(dz x ds) =6;(ds)vy(dz) and fi(dx x ds x dt) = §;(ds)p(dx x dt). It follows that

t
[ atan= [ g [ [ Aapands+ [ By f)d
Ex[0,00) Ex[0,00) 0 JEx[0,00) Ex[0,00)%[0,t]
v € Dy, f €D.
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Applying Theorem 1.11 with Aand B replaced by A and B gives the desired result. 0

The results in the literature for models without the singular term B have had a variety of
applications including an infinite dimensional linear programming formulation of stochastic
control problems [1, 21, 28], uniqueness for filtering equations [3, 5, 20], uniqueness for mar-
tingale problems for measure-valued processes [9], and characterization of Markov functions
(that is, mappings of a Markov process under which the image is still Markov) [19]. We
anticipate a similar range of applications for the present results. In particular, in a separate
paper, we will extend the results on the linear programming formulation of stochastic control
problems to models with singular controls. A preliminary version of these results applied to
queueing models is given in [22].

The paper is organized as follows. Properties of the measure I' (or more precisely, the
nonadapted precurser of I') are discussed in Section 2. A generalization of the existence
theorem without the singular operator B is given in Section 3. Theorem 1.7 is proved in
Section 4, using the results of Section 3. Theorem 1.11 is proved in Section 5.

2 Properties of I'

Theorems 1.7 and 1.11 say very little about the random measure I' that appears in the
solution of the martingale problem other than to relate its expectation to the measures 1
and p. The solution, however, is constructed as a limit of approximate solutions, and under
various conditions, a more careful analysis of this limit reveals a great deal about T'.

Essentially, the approximate solutions X,, are obtained as solutions of regular martingale
problems corresponding to operators of the form

C,f(z) = / B2 (@) Af (2 wyro(, dus) + / 0B () B (2w (x, ),

where 7 and 7, are defined in Theorem 1.7 and 3] and 3] are defined as follows: For n > 1,
let pf = K, ' (puf + tp?) € P(E), where K, = pf (E) + Luf(F). Noting that pf and pff
are absolutely continuous with respect to puZ, we define

dyy

6g:mandﬁ?:

1dpy
nduk’
which makes 3 + (7 = K,,.

Remark 2.1 In many examples (e.qg., the stationary distribution for a reflecting diffusion),
o and py will be mutually singular. In that case, 5 = K, on the support of jio and 37 = K,
on the support of uy. We do not, however, require py and py to be mutually singular.

It follows that
| Curaut =0, sev.
FE

and the results of Section 3 give a stationary solution X, of the martingale problem for C,,,
where X, has marginal distribution pZ.
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The proofs of the theorems in the generality they are stated involves the construction of
an abstract compactification of E. In this section, we avoid that technicality by assuming
that F is already compact or that we can verify a compact containment condition for {X,}.
Specifically, we assume that for each € > 0 and 7" > 0, there exists a compact set K. C E
such that

inf P{X,(t) € Kcr,t <T}>1—¢. (2.1)

Set
LW(H x [0,2]) = / 0B (X (5) L1t (X (),

and observe that
E[T.(H x [0,4])] = py (H)t.

Then {(X,,T,)} is relatively compact, in an appropriate sense (see the proof of Theorem
1.7), and any limit point (X, '*) is a solution of the singular, controlled martingale problem.

Since I'* need not be {7—’;( }-adapted, the I' of Theorem 1.7 is obtained as the dual predictable
projection of I'*. (See Lemma 6.1.)
To better understand the properties of I'*, we consider a change of time given by

7n(t)
/0 (BY(X,(8)) + npy(Xnu(s)))ds = t.

Note that since Gj + 57 = K, 7.(t) < t/K,. Define

Tn(t) Tn(t)
() = / B5(Xa(s))ds and 7 (t) = / n3p (X (5))ds.

Define
Af(x) = / Af (e, uyo(e, du),  Bf(z) = / B (, u)m (z, du),

and set Y,, = X,, o7,. Then

FYalt)) — F(Y(0) — / AV, (5))dr(s) — / B (Ya(s)dr2(s) (2.2)

is a martingale for each f € D. Since v(t) +17(t) = ¢, the derivatives 47 and 47 are both
bounded by 1. It follows that {Y,,75,~7)} is relatively compact in the Skorohod topol-
ogy. (Since {Y,} satisfies the compact containment condition and 7§ and 7] are uniformly
Lipschitz, relative compactness follows by Theorems 3.9.1 and 3.9.4 of [11].)

We can select a subsequence along which (X,,,I",) converges to (X,I'*) and (Y,,,~{, 1)
converges to a process (Y, 7o,71). Note that, in general, X,, does not converge to X in the
Skorohod topology. (The details are given in Section 4.) In fact, one way to describe the
convergence is that (X, o 7,,,7,) = (Y,70) in the Skorohod topology and X =Y o4, '. The
nature of the convergence is discussed in [17], and the corresponding topology is given in
[13]. In particular, the finite dimensional distributions of X,, converge to those of X except
for a countable set of time points.

14



Theorem 2.2 Let (X,I') and (Y,v0,71) be as above. Then
a) (X,T%) is a solution of the singular, controlled martingale problem for (A, B).

b) X is stationary with marginal distribution uf, and T* has stationary increments with
E[T*(- x [0,4]) =ty ().

¢) im0 70(t) = 00 a.s.
d) Setting v5*(t) = inf{u : yo(u) > t},
X=Yony"! (2.3)
and

% (®)
I'(H x [0,t]) :/0 Iy (Y(s))dyi(s). (2.4)

e) E[fot Iy (Y (s))dyi(s)] < tpuf(H), and if K, is the closed support of u¥, then vy, increases
only when'Y s in Ky, that is,

t
/ I, (Y(s))dv(s) =n(t) a.s. (2.5)
0
f) If 75" is continuous (that is, ~yo is strictly increasing), then

I (H x [0,4]) = /0 Lu(X())dA(s), (2.6)

where X =y, 07y . Since T has stationary increments, A will also.

Proof. By invoking the Skorohod representation theorem, we can assume that the conver-
gence of (X, ', X, o 7,78, 77) is almost sure, in the sense that X,,(¢) — X (¢) a.s. for all
but countably many ¢, I';, — I'* almost surely in £(FE), and (X, o 7,,7,77) — (Y,%,71)
a.s. in Dpygr2[0,00). Parts (a) and (b) follow as in the Proof of Theorem 1.7 applying (2.1)
to avoid having to compactify E.

Note that K,7,(t) > ~§(t) and

Tn(t)
ElK,ma(t) — 0 (t)] = E / (K — B (Xo(5)))ds]

t/Kn
< 5 / "X (5)))ds

E
_ 241 (E)t 0
K,.n

Since Vg (t) + 7 (t) = ¢, for t > T,

(¢~ T)P(Km(t) ST} < Bl(t — () gsomoer]
B[ ni ()]
Tuy (E),

IN



and since v (t) and K, 7,(t) are asymptotically the same, we must have that
Tui' (E)
t—T

P{v(t) <T} <

Consequently, lim;_,, 7o(t) = oo a.s.
The fact that X =Y o, follows from Theorem 1.1 of [17]. Let

al0:0) = [ gl x 0.0) = [ 03f (X (6)gCXo(s))ds
Then for bounded continuous ¢ and all but countably many ¢,
To(g.) — D*(g,t) = / o) (dz x [0,4])  a.s.
Since . ’
Culo.m(0) = [ 9060 moris) = [ 9V (0)anls) s,
Theorem 1.1 of [17] again glvoes

-1

Yo ()
I*(g.t) = / g(Y () (s).

which implies (2.4).
Since o(t) < t, v, *(t) > t, so

/OtfH Y (s)] < BT (H x [0,])] = tu (i),

and Part (e) follows.
The representation (2.6) follows immediately from (2.4).

Lemma 2.3 Let (Y,70,71) be as above. Then for each f € D,

FOYV () — F(Y(0)) — / AF(Y(5))dols) — / BI(Y(s))dn(s)

is a {F" 0} -martingale.

(2.7)

Proof. We show that (2.2) converges in distribution to (2.7). Then (2.7) can be shown to

be a martingale by essentially the same argument used in the proof of Theorem 1.7. Tf A f
and Bf were continuous, then the convergence in distribution would be immediate. Let ¢

be continuous. Then, recalling that 7,,(T) < T,

e [ Ao - [ oo

|

e[ \ﬁfm@)) - g (s] o)

/mT ’Af s)) — (Xn(s))‘ﬂg(xn(s))dsl
=T / |Af (@) = g(x)|ug (d).

16
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The right side can be made arbitrarily small by selecting the appropriate g € C(FE). Note
that for any nonnegative, bounded continuous function h,

T T

B| [ 0 an)] = £ | [ anennge)] <7 [ i
0 e 0 E

and the inequality between the left and right sides extends to all nonnegative measurable h.

It follows that

8[| [ A 6Nt~ [ o

t<T

| <7 [ s - stongan),

and the convergence of (2.2) to (2.7) follows. O

In general, ;' need not be continuous. Continuity of 7, is equivalent to 7, being

strictly increasing. The following lemma, which is a simple extension of Lemma 6.1.6 of
[15], gives conditions for 7y to be strictly increasing. We say that (Z,() is a solution of the
stopped martingale problem for an operator C' if there exists a filtration {F;} such that Z is
{Fi}-adapted, ¢ is an {F;}-stopping time, and for each f € D(C),

f(Z(tNQ)) — / Cf(z

is an {F; }-martingale.

Lemma 2.4 Let K, be the closed support of u¥. Suppose that every solution (Z,() of the
stopped martingale problem for B satisfies

CAInf{t: Z(t) ¢ Ki} =0 a.s. (2.9)
Then vy s strictly increasing.

Remark 2.5 In the case of reflecting diffusions in a domain D (Example 1.4), K1 = 0D,
Bf( ) =m(x) - Vf(z), and any solution of the stopped martingale problem for B satisfies

tAC
Z(tNC)=Z(0) +/ m(Z(s))ds.
0
Results on solutions of ordinary differential equations can then be used to verify (2.9).

Proof. For ty > 0, let {, = inf{t > to : Y(t) > Yo(to). Either 7 is a.s. strictly increasing
or there exists ty such that P{(y > to} > 0. For such a ty, define Z(t) = Y (ty + t) and
¢ = (o — to. Then, since vy is constant on [tg, (o], and hence dv;(s) = ds on [tg, (o],

NG
F(Z(EA Q) — F(Z(0)) - / By(2(s))ds

is an {]—"20/1‘2 }-martingale. In particular, (Z, () is a solution of the stopped martingale problem
for B. Since, with probability one, v, increases only when Y € K;, and by assumption
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CAiInf{t: Z(t) ¢ K1} =0 a.s., it follows that ( = 0 a.s. contradicting the assumption that
P{C > to} > 0. O

Theorem 2.2 and Lemma 2.4 give a good description of I'* for many interesting examples
in which I'* is continuous. The next result addresses examples in which the natural version
of I'* is discontinuous.

Theorem 2.6 Suppose that Bf(x,u) = a(z,u) [,(f(2)—f(x))q(z,u,dz), where 0 < a(z,u)
<sup, , a(z,v) < oo, and q is a transition function from ExU to E. Definea : E — [0, 00)
and q, a transition function on E, so that

Bfa) = / B (e, wym (. du) = a(z) /E (f(2) — F(2)le, d2).

(In particular, a(x) = [, a(x, u)n(x,du).) Then there exist (X, T*,Y, v, 1) satisfying (2.3)
and (2.4) and a counting process N such that

a) (X,T%) is a solution of the singular, controlled martingale problem for (A, B).
b) X is stationary with marginal distribution pk .
¢) T* has stationary increments, and for each t > 0, E[I™*(- x [0,t])] = tp(-).

d) There exists a filtration {G;} such that (Y, 0,71, N) is adapted to {G;},

N =Nt = [ @ (s)an(s) (2.10)

is a {Gi}-martingale, and for each f € D,

FY () — F(Y(0)) — / AF(Y(5))dols) — / BA(Y(s))dn(s) (2.11)

FY () — F(V(0)) — / AF(Y(5))dols) - / / (F(2) = F(Y (5))@Y (5—), d=)AN (s)
’ ’ (2.12)
are {G;}-martingales.

e) Letting K, be the closed support of u,
t
/ I, (Y(s—))dN(s) = N(t) a.s., t>0.
0

Proof. Let £ = E x {—1,1} and D = {f : f(z,0) = fi(z)f2(0), fi € D, fo € B({—1,1})}.
For f € D, define

Af($a9’u) = fQ(e)Afl(zvu)
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and

Bf(z,0,u) = a(z,u) /E(fl(z)f2(—9) — fi(z) f2(0))q(z, u, dz).

Let
1
fio(dx x df X du) = po(dzx X du) x (5(5,1(d9) + %(51(d9))
and ) )
f1(dx x df x du) = pi(dx X du) x (55_1(d9) + iél(dﬁ)).
Then

[ Asdio+ [ Bra=o. feb.
E E
and A and B satisfy Condition 1.2 with

@A(a:,e,u) = Ya(z,u), &B(x,e,u) = Yp(x,u).

By Theorems 1.7 and 2.2, there exist (X,©,I*) and (Y, ®,70,71) satisfying X =Y o 7!
and © = ® o1, ! and a filtration {G,} such that for each f € D,

FOE®.00) = [ [ AFC(5).005) (X 5). duds
—[ / Bf(z,0,u)n(z,du)*(dz x df x ds)
Ex[0,t] JU

is a {G -1, }-martingale and
V(). 0(t)) — / / AF(Y(5), @(s), wno(Y (), du)dro(s) (2.13)
- / / BI(Y(5), (s), w)mn (Y (s), du)dy (s)

is a {G; }-martingale, (X, ©) is stationary with marginal distribution if (and hence, X has
marginal distribution p), and I'* has stationary increments and satisfies E[T*(H; x Hy x
[0,¢])] = tpi(H1)(50-1(Ha2) + 561(Hs)). Parts (a), (b), and (c) follow by taking f(x,6) to
depend only on .

For f depending only on 6, we have that

f(<1>(t))—/0 a(Y(s)(f(=2(s)) = f(®(s)))dn(s)

is a {G;}-martingale. Let 8(t) = inf{r : [/ a(Y(s))dn(s) > t}, for 0 < t < B =
J.7a@(Y (s))dvi(s). It follows that (o 3, 3) is a solution of the stopped martingale problem
for Cf(0) = (f(—0) — f()). Since the martingale problem for C' is well-posed, it follows
that ® o § can be extended to a solution ¥ of the martingale problem for C' (see Lemma
4.5.16 of [11]), and we can write

o) = v ([ avo)an).
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But ¥(t) = ®(0)(—1)M® where Ny is a unit Poisson process, so ®(t) = ®(0)(—1)"® where

N(t) = N, ( /0 ta(Y(s))d%(s)) .

Note that N is {G, }-adapted and that (2.10) is a {G; }-martingale. Since (2.11) is a martingale
by Lemma 2.3, and the difference of (2.11) and (2.12) is

lléuww—ﬂywwmww—xwmmma—Aiwwmmmv»

it follows that (2.12) is a martingale.
By Theorem 2.2, Part (e),

Aawwm@:Aawm%W@m@>w.

Define

Then, with probability one,

N@—Ade&WW®ZN®—A@W@MM$jA&ﬁ%ﬂMM%

and since the right side is a local martingale, the left side must be zero. O
In the context of Theorem 2.6, the right analog of Lemma 2.4 would be a condition that

implies N o 7, ! is still a counting process.

Lemma 2.7 Let K, be the closed support of u¥, and suppose that for each x € K, q(z, K,)
= 0. Let 01,03. ... be the jump times of N. Then P{ox.1 < 00,%(0k) = Yo(0ks1)} =0, and
hence, N o 70_1 1S a counting Process.

Proof. Since [} I, (Y (s—))dN(s) = N(t) and yo(t + 1) — 0(t) > [/ Ixe(Y(s))ds, it is
enough to show that fg Ige(Y(s))dN(s) = N(t), that is, that every boundary jump lands
inside the open set K7, and hence that Y is in K{ for a positive time interval after each
boundary jump.

Let Mg denote the martingale

@(t)+/0 2a(Y (s))®(s)ds

and M/ denote the martingale (2.11). Then

M@J@h=—£2®@ﬁUW@D—ﬂY@ﬂMN@
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and, using the fact that (2.13) is a martingale,

<M<I>aMf>t:/0 2@(Y(8))<1>(5)(f(Y(8))—/Ef(Z)qA(Y(S),dZ))d%(S)-

Since [Mg, M|y — (Mg, My); is a martingale, it follows that

A2¢@%KéfW@D—f@ﬁW@—%wﬂN@>
=<M@ﬂ@%—M%J@h+AZWS—Xéf@ﬁU%&%d@—f@%&ﬁwN®)

is a martingale, and integrating against @,

A2UW@D—4f@ﬁW&%MMN@ (2.14)

is a martingale for every f € D. But the collection of f for which (2.14) is a martingale is
closed under bounded pointwise convergence, so is all of B(E). Taking f = Ix¢, we have
that

2 [ (s () = 1aN (s

is a martingale, but, since the integrand is non positive, that can hold only if the integral is
identically zero and hence

/0 Tie: (Y (8)) AN (s) = N(1).

3 Stationary solutions of controlled martingale prob-
lems

The objective of this section is to establish the existence of a particular form of stationary
solution for the controlled martingale problem for a generator A. The formulation is obtained
by taking Bf = 0 for each f € D above, so we drop any reference to B. We also denote
of (1.7) by p and 14 by 1, since there will not be a uy or a ¢ p.

The first result of this type was by Echeverria [10] in the context of an uncontrolled
Markov process (see also Ethier and Kurtz [11, Theorem 4.9.15]). Stockbridge [27] extended
the result to controlled processes. In [27], the state and control spaces were locally compact,
complete, separable, metric spaces and the control process was only shown to be adapted
to the past of the state process. Bhatt and Karandikar [2] removed the local compactness
assumption (on the state space) for uncontrolled processes. The stationary control process
was shown to be a feedback control of the current state of the process (where the particular
control is determined from the stationary measure) by Kurtz and Stockbridge [21] and Bhatt
and Borkar [1]. Kurtz and Stockbridge also established this result for generators whose range
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consisted of bounded, measurable (not necessarily continuous) functions. The results were
proved by Kurtz and Stockbridge under the assumption that the state and control spaces
are locally compact and by Bhatt and Borkar under the assumption that the state space F
is a complete, separable metric space and that the control space U is compact.

Here we make certain that the results are valid if both the state and control spaces are
complete, separable metric spaces. Many of the recent proofs simply refer back to previous
results when needed. In this section, we compile the previous results and provide complete
details.

Suppose 1 is a probability measure on E x U with
pU) =1 (3.1)

and which satisfies
/ Af(xz,u) p(de x du) =0, VfeD. (3.2)
ExU

Denote the state marginal by pug = u(- x U), and let 1 be the regular conditional distribution
of u given z, that is, n satisfies

J(Hy x Hy) = / n(x, Hy) pp(dz),  Hy € B(E), Hy € B(U). (3.3)

Hy

Implicit in (3.3) is the requirement that n(z,U,) = 1 a.e. pg(dx).

Our goal is to show that there exists a stationary process X such that the ExP(U)-valued
process (X, n(X,-)) is a stationary, relaxed solution of the controlled martingale problem for
(A, ug). Note that if X is a stationary process with X (0) having distribution pg, the pair
(X,n(X,-)) is stationary and the one-dimensional distributions satisfy

Bl (X (1) n(X (1), Hy)] = p(Hy x Hy), t> 0.

Following Bhatt and Karandikar [2], we construct an embedding of the state space E in
a compact space E. Without loss of generality, we can assume that {gx} in the separability
condition is closed under multiplication. Let Z be the collection of finite subsets of positive
integers, and for I € Z, let k(I) satisfy giy = [[;c; gi- For each k, there exists ay > |gx|.
Let

E = {z € H[—ai,ai] L2y = H’Zi’[ €T},

i=1 iel
Note that E is compact. Define G : £ — E by
G(x) = (91(2), ga(2), . .). (3.4)

Then G has a measurable inverse defined on the (measurable) set G(E). In this section and
the next, we will typically denote measures on E by u, fi, to, p1, etc. and the corresponding
measures on F by v, 7, vy, v, etc.

We will need the following lemmas.
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Lemma 3.1 Let jup € P(E). Then there exists a unique measure vy € P(E) satisfying
[ 9rduo = [5 zv0(dz). In particular, if Z has distribution vy, then G=(Z) has distribution

Ho-

Proof. Existence is immediate: take vy = poG~'. Since E is compact, {Ilerzi: 1 €1}is
separating. Consequently, uniqueness follows from the fact that
/szyo (dz) / no(dz) = / Gr(nd ko
i€l E
O

Lemma 3.2 Let C C B(E) x M(E) be a pre-generator. Suppose that ¢ is continuously
differentiable and convex on D C R™, that fi,..., fm € D(C) and (f1,...,fm) : E — D,
and that (p(f1, ..., fm),h) € C. Then

h>Vo(fiy.oosfm) (Cfryo. o, Cfm).

Proof. Since C' is a pre-generator, there exist A, and pu, such that

W) = mn%uqéwummuwmww—mﬁuquM@MAL@>

> lim Vo(fi(z), ..., fm(2)) - An() /E(ﬁ(y) = [1(@), - fn(y) = fo(@)) (2, dy)
= V@(fl(‘lv)? R fm(x)) ’ (Ofl(x)> R Cfm(x))
]

Lemma 3.3 Let X,, X be processes in Dgl0,00) with X, = X, and let Dx = {t :
P{X(t) # X(t—)} > 0}. Suppose for each t > 0, X, (t) and X(t) have a common dis-
tribution puy; € P(E). Let g be Borel measurable on [0,00) x E and satisfy

[ [ ats.oiaris < o
/( ds:>/ (5, X (s (3.5)

for each t > 0. Then

and, in particular, for each m > 1,0 < t; < -- m < tmi1, t; € Dx, and hy,... hy, €
o),
tm+1 m
lim £ / 9(5, Xa(s)) ds [ [ h(Xo(t)
n—oo o ey

=F

/tm“ o5, X () ds [ (x
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Proof. See Kurtz and Stockbridge (1997), Lemma 2.1. Note that the proof there does not
use the assumption that E is locally compact. 0

Theorem 3.4 Let A satisfy Condition 1.2. Suppose pu € P(E x U) satisfies (3.1), (3.2)
and

/w(x,u),u(dac X du) < 00, (3.7)

and define pup and n by (3.3). Then there ezists a stationary process X such that (X, n(X, "))
is a stationary relazed solution of the controlled martingale problem for (A, ug), n(X,-) is
an admissible (absolutely continuous) control, and for each t > 0,

Bl (X (8))n(X (1), Ho)] = p(Hy x Ha) (3:8)
for every Hy € B(E) and Hy € B(U).

Remark 3.5 We will obtain X in the form X = G=Y(Z). It will be clear from the proof that
there always exists a modification of Z with sample paths in Dz[0, 00), but our assumptions do
not imply that X will have sample paths in Dg|0,00). For example, let Af = (1+z*)(f"(z)+
f'(x)). It is easy to check that p(dx) = c(1 + a*)~'dx satisfies [, Af(x)pu(dx) =0, but the
corresponding process will repeatedly “go out” at +o0o0 and “come back in” at —oo.

We first consider the case ¥ = 1.

Theorem 3.6 Let A satisfy Condition 1.2 with ¢» = 1. Suppose p € P(E x U) satisfies
(8.1) and (3.2), and define ug and n by (3.3). Then there exists a stationary process X
such that (X,n(X,-)) is a stationary relaxed solution of the controlled martingale problem
for (A, ug) satisfying (3.8) and n(X,-) is an admissible absolutely continuous control.

Proof. For n =1,2,3, ..., define the Yosida approximations A, by
Ang=n[I —n"tA) —1I]g

for g € R(I —n'A), and note that for f € D(A) and g= (I —n"tA)f, A,g= Af.
Let M be the linear subspace of functions of the form

Flxy, @9, u1,ug) = Z {hi(z1) [(I = n7"A) fi(wa, 1) + gi@2, u2) — gi(w2,u1)] }

‘l‘ho(l’z,ul,UQ), (39)

where hy, ..., hy, € C(E), hg € C(EXUXU), fi,..., fm € D(A),and g1, ..., gm € C(ExU).
Define the linear functional ¥ on M by

VE = /E U/UZ{hz’(ZL’Z)[fi(IEQ) + gi(w2, ug) — gi(a, ur)]} n@a, dug) p(dazs x duy)
+/E U/Uho(ﬂig,ul,UQ) 1(2, dug) p(dry X duy) (3.10)
— /EXU/U [; hi(2) fi(z2) 4 ho(za, uy, ug) | (e, dug) p(dry x duy)
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in which the second representation follows from the fact that

/ / h(z2)[g(xe, us) — g(xa, uy)n(xe, dus) p(drs X duy) =0 (3.11)
ExU JU

(write p(dxe X duy) = n(xa, dui)pup(drs)). Also define the linear operator
I:B(ExXExUxU)— B(ExExU)

by
IF(xy, 29,u1) = / F(xy, 9, uy, us) n(xa, dus) (3.12)
U
and the functional p on B(E x E x U x U) by
p(F) = / sup |TTF (21, 22, u1) |pu(dae X duy). (3.13)
ExU %1
Observe that II(ITF) = IIF so
p(F —T1IF) = 0. (3.14)
In order to simplify notation, define the operator C' on C(E x U) by
Colaz,un) = [ [9€as) = glas,un)] nas. dus). (315)
U

We claim |[UF| < p(F). To verify this claim, fix I € M. For o; > ||(I — n 'A)f; +
CallVI|fillsi=1,...,m, let ¢ be a polynomial on R™ that is convex on [[;",[—a, a;]. By
the convexity of ¢ and Lemma 3.2

o((I — n_lA)fl +Cg1,..., (I - n_lA)fm +Cgm)
> O(fr, s fm) =T IVO(fr, o fm) - (Af1 o Afm)
+Vo(fi,-- i fm) - (Cgr,. .. Cgm)
> O(f1, o fn) =T AS(frs - fn) Y O(frs o fn) - (Con, - Cg).

In light of (3.2) and (3.11), integration with respect to p yields
/¢((I —n AL +Cq,. ., (I =n" A) fon + Cgy) dp > /¢(f1, ooy fm) du, (3.16)

and this inequality can be extended to arbitrary convex functions. Consider, in particular,
the convex function @(r1,...,7m) = sup,, > .o hi(z1)r;. It follows that

VE < /E U{suthi(xl)fi(xg)—|—/Uh0(x2,u1,u2)n(a:2,du2)} p(dxs X duy)

1
Loi=1

_ /EXU {¢(f1,...,fm)(x2) +/Uhg(w2,u1,u2)n(x2,du2)} w(das x dus)

< w {gb(([ —nPA) L+ Car,. (T =0 A) fo 4+ Cgn) (12, 11))
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N / ho<x2,u1,u2>n(x2,du2)} (dy X duy)
U

= / sup ITF(x1, o, uy) pu(dzg X duy)
E

xU x1

< p(F),

and —VF =V (—F) < p(—F) =p(F), so |[VF| < p(F).
_As a result, we can apply the Hahn-Banach theorem to extend W to the entire space
C(E x ExU xU), still satisfying |WF| < p(F') (see [23, p. 187]). Since ¥1 =1, for F' > 0,

(| =W E =Y(|F]| - F) < p([F]| = F) < [|F]], (3.17)

so WF' > 0. By the extension of the Riesz representation theorem in Theorem 2.3 of Bhatt
and Karandikar [2], there exists a measure ji € P(E x E x U x U) such that

UF = / F(;Ul,l’g,’ul,ltz) /](dl’l X d$2 X dU1 X dU2> (318)
ExExUxU

Considering F' of the form F(z1,z9,u1,us) = h(z1)(I — n~tA)1(xq,u1), (1 being the
constant function), we see that fi(- x £ x U x U) = ug(-). Taking F(xy, s, u1,us) =
h(z1)(I—n"tA)f(xo, u1) and writing ji(dz; X dre X duy X dus) = 7(xq, dwy X duy X dug) pp(dzy),

we have
JRC

(21) pp(dzy)

1)f

UF

/ VI — " A) f (29, uy) fi(doy x dag X duy X dus)
EXEXUXU

= /Eh(xl) [/EXU(I —nA) f(xg,uy) fi(21, doy X duy x U)| pp(ds).

Letting n(x1, dry X duy) = 7(x1, dry X duy X U), it follows that
/ (I — nilA)f(xZ:ul)ﬁ(xlade x duy) = f(z1) ae. pp(d). (3.19)
ExU
Observe that WF = WY(IIF) by (3.14) and the fact that |VF| < p(F). Again by

considering F(x1, xg, uy,us) = f(x1, 22, u1)g(uz) and writing fi(dzx; x dre X duy X dug) =
7(x1, T, uy, dug)fi(dzy X dry X duy), we have

/ f(x1, 22, u1) [/ g(uz)ﬁ(ifl,xmul,dw)} f(dxy x dre x duy)
ExExU U

=UF

— W(IIF)

:/ f(x1, 22, u7) [/ g(ug)n(mg,duz)} (dry X dxe X duy).
ExExU U
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Therefore

f(dxry X dre X duy X dug) = n(x, dug)fi(dry X dry X duy)
= n(we, dus)n(x1,dxs X duy)pp(dey).

Furthermore, using F'(x1, 22, uy, us) = h(z1)[g(x2, us) — g(xe, uy)], it follows that
0 = UF
= [ [ [ (o) - on, w) bt dua)ion doy x du)| (i),
E ExU JU

SO

/E U/U{9<$27U2) — g(x2, u1) In(xe, dug)(xy, dre X duy) =0 a.e. pg(dry). (3.20)

Let {(Xg,ur): kK = 1,2,...} be a Markov chain on E x U having initial distribution
and transition function 77. A straightforward computation shows that the Markov chain is
stationary, and by (3.19) and (3.20), for each f € D(A) and g € C(E x U),

[(I — ’)’LilA Xk, uk Z nilA — nilA)f](Xl, UZ)

and
k

are martingales with respect to the filtration Fj, = o((X;,w;): 0 <1
Define X, (-) = X, un(-) = upg and Fp* = o((Xn(s), un(s)): 0
follows (recall A, (I —n™tA)f = Af) that

<k).
g < t). It immediately

[nt] /n
(I = A) FU(Xn(t), un(t)) —/0 Af(Xo(s),un(s))ds (3.21)

and il
/ Cg(X,(s),un(s))ds (3.22)
0
are JF;'-martingales.
Define the measure-valued random variable A,, by
t
A ([0,t] x H) = / Iy (uy(s))ds, VH € B(U).

0

Note that

E[A(0, 1] x H)] = tu(E x H),  VH e BU),
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so, by the tightness of a measure on a complete, separable metric space, for each € > 0, there
exists a compact K, such that

E[An([0,1] x K9)] = tu(E x K°) < te. (3.23)

Recall the definition of £(™(U) from Section 1.1. Relative compactness of {A,} on £ (U)
follows from (3.23) by Lemma 1.3 of Kurtz [18].

Let Z" = G(X,,), with G defined by (3.4). Then by (3.21) and the definition of A, for
k=1,2,.. .,

(% 1)) — P A (3,0 0 0)) /[ ALK, (5), 1) )
| (3.24)
= Z; (1) — WA%(G%Z%)),U”@)) — /[0 ) Age(GHZ™(s)), u)An(ds x du)

is a martingale. Recalling that [],., Z; = Zi1), Theorems 3.9.4 and 3.9.1 of Ethier and
Kurtz [11] imply the relative compactness of {Z"} in Dg[0,00), and hence, (Z",A,) is
relatively compact in Dz[0,00) x L™ (U). Define v € P(E x U) by [ f(z,u)v(dz x du) =
[ f(G(z),u)pu(dz x du). Then Agy(G~'(-),-) can be approximated in L;(r) by bounded,
continuous functions in 6(@ x U), and as in Lemma 3.3, we see that for any limit point
(Z,\), (3.24) converges in distribution, at least along a subsequence, to

Zi(t) — /[Ot] UAgk(G_l(Z(s)),u)A(ds X du), (3.25)

which will be a martingale with respect to the filtration {]—"tZ’A}. Note that Z is a stationary
process (even though as continuous time processes the X,, are not). Since for each ¢ > 0,
Z(t) has distribution vz = v(- x U) which satisfies [ fdvz = [ f o Gdug, by Lemma 3.1,
Z(t) € G(E) a.s. and hence we can define X (t) = G71(Z(t)), and we have that

My, (1) = go(X (1)) — /[ A WA x

. 7. A .
is a {F;"" }-martingale.
By the same argument, (3.22) converges in distribution to

Mgc(t) = / Cg(X(s),u)A(ds x du), (3.26)
[0,t]xU

for every g € B(E x U). Since (3.22) is a martingale, it follows that (3.26) is an {F;*"}-
martingale. But (3.26) is a continuous, finite variation process, and every martingale with
these properties is a constant implying M, gc = 0. Consequently, recalling that A € £ (U)
implies A(ds x U) = ds, we have the identity

/ / g(X(s),u)n(X(s),du)ds = / 9(X(s),u)A(ds x du), g€ B(ExU),
0 JU [0,4]xU
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My (0= 0X(0) ~ [ [ Agu(X(6),0) (X (0), ) .

Since A is contained in the bounded pointwise closure of the linear span of {(gx, Agx)}, we
see that (X, n(X,-)) is a solution of the controlled martingale problem for (A, pug). Finally,

n(X,-) is admissible since p(U) = 1 implies n(z,U,) = 1 a.e. p(dx). O
Proof of Theorem 3.4. For each n > 1, let
Uy = 2n\/¢)

kn(z) = /wnxu (x,du) ,
. /k(),uodx /¢nxu u(d x du).

Observe that 1, > 1 for all n, and that as n — oo ¥, (z,u) \, 1, ¢, \, 1 and k, \, 1. Define
the operators A, on D(A) by

Anf(,u) = Af(z,u)/n(z, u),
and note that A, C C(E) x C(E x U). Defining u, € P(E x U) by

o (H) = ¢ /Hwn(x,u)u(da: x du) VH e B(ExU),

we have

[ Agdm=e [ agau=o.
ExU ExU
For each n, A, and p, satisfy the conditions of Theorem 3.6 and 7, of (3.3) is given by

(2, du) = ¢/Z£(x)) (x,du).
Note, in particular, that A, —AO so Condition 1.1(¢) is satisfied since w— is bounded

and Ay satisfies the condition. Thus there exist stationary processes {Z"} with sample paths
in Dz[0,00) such that, setting X,, = G=1(Z"), (Xy, m.(Xy, +)) is a solution of the controlled
martingale problem for (A, u,).

Let ¢ be nonnegative and convex on [0, 00) with ¢(0) = 0, lim, ., ¢(r)/r = oo, and

/E ng(w(x,u)),u(dx X du) < oo.

(Existence of ¢ follows from (3.7).) Since ¢ and ¢’ are nondecreasing on [0, 00), it follows
that if z > 0 and y > 1, then ¢(2)y < ¢(2). Consequently, for f € D(A),

(1 Anf (2, )l ag) < p(th( 0) /o, 0)) < %
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and

[ etnst@aljapm(ex du) < - [ etotewulde x du) < [ o)  du).

Cn

In particular, this inequality ensures the uniform integrability of

{ i

The relative compactness of {Z"} is established by applying Theorem 3.9.1 of Ethier
and Kurtz [11] and Theorem 4.5 Stockbridge [27] exactly as in the proof of Theorem 4.7 of
Stockbridge [27]. Let Z be a weak limit point of {Z"}, and to simplify notation, assume
that the original sequence converges. As before, set X = G1(Z).

For each k,

/U A f (X (1), 1) (X (1) )

ge(X (1)) - / / Ag(X(s), ) (X (s), du) ds

is an {F;* }-martingale if and only if

E[(Zultnin) — Zeltn) - /t:n“ /U Agi(GH(Z()), ) (@ (2(5)),du) ds) x

[Tr(zt)] =0 (27)

i=1

foreachm > 1,0 <t < ... <t <tny1, and hy,... Ay € U(E\) Note that condition
(3.27) is satisfied with A, n, and Z" replacing A, n, and Z .

Let t1,... tme1 € {t > 0 : P(Z(t) = Z(t—)) = 1} and hy,..., hy, € C(E). Since
" = Z,as n — o0,

E | (Zg (tmi1) = 25 (tm) H hi(Z”(ti)))]

m

= E|[(Zi(tm1) = Zi(tw)) [ [ 1i(Z(8:)))

—

~

m

= E|(0e(X (tmr1) — ge(X () [ [ (2 (1))

i=1

Lemma 3.3 does not apply directly to the integral term, but a similar argument works using
the fact that ju,(dz x du) = c; ', (z, u)pu(dr x du) < (z,u)u(de x du). O

Theorem 3.4 establishes the existence of stationary processes on the complete, separable,
metric space £. The proof involves embedding £ in the compact space F, demonstrating
existence of appropriate stationary processes Z on E, and then obtaining the solution by
applying the inverse G~'. In the next section, it will be necessary to work directly with
the processes Z. We therefore state the corresponding existence result in terms of these
processes; the proof, of course, has already been given.
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Theorem 3.7 Let A satisfy Condition 1.2. Suppose p € P(E xU) satisfies (3.1) and (5.2),
O satisfies (3.7), and define pg and n by (3.3). Define v € P(E x U) by v(H, x Hy) =
((GY(Hy), Hy) for every Hy € B(E) and Hy € B(U). Then there exists a cadlag, stationary,
E-valued process Z such that

F(GYZ () - / / AF(GH(Z(s)),un(GN(Z(s), du)ds

is an FZ-martingale for every f € D and
Elln, (Z(#)n(G~H(Z(1)), Ha)] = v(Hy x H)

for every Hy € B(E) and H, € B(U).

4 Singular martingale problems

In this section, we characterize the marginal distributions of stationary solutions of the
singular controlled martingale problem. Previous work of this nature includes the papers by
Weiss [29] and Kurtz [16] which considered constrained processes. Weiss [29] characterized
the marginal distribution of a stationary solution to a submartingale problem for diffusions
in a bounded domain. Inspired by Weiss, Kurtz [16] used the results of Stockbridge [27]
to characterize the stationary marginals for general constrained processes. The results of
this section are more general than the previous results in that they apply to processes with
singular control, constrained processes being a subclass of such processes, and the controls
are identified in feedback form.

Let E' be the compact space constructed in Section 3, and let G be the mapping from £
into £ given by (3.4).

Lemma 4.1 Let A and B satisfy Condition 1.2. Suppose that pg € M(E x U) and py €
M(E x U) satisfy conditions (1.15), (1.17), and (1.16). For i = 0,1, let p; have a state
marginal 1F and kernel n;(z,-) on the control space so that p;(dx x du) = n;(x, du)uf (dx).
Define the measure € P(E x U) by

W(H) = K (uo(H) + i (H)),  WH € B(E x U), (4.1)
where K = po(E X U) + pi1(E x U) is the normalizing constant. Let
v=p0G1 vy = oo G, vy = 0G (4.2)

and let VE, V(? and V1E denote the corresponding marginals on E. Then there exist a station-

ary process Z on E and non-negative, continuous, non-decreasing processes \g and Ay such
that

o Z(0) has distribution I/E,

o Ao and A1 have stationary increments,

31



o) )\0@) + )\1<t> - t,
o (Z, o, \1) is {F#}-adapted and
o for each f € D,

f@lw@»—ﬁﬁﬁmmﬁwm»mm@1w@mmww>
- / / KBF(G(Z(s)), u) (G (Z(s)), du)dd(s)

is an {FZ}-martingale.

Remark 4.2 By defining X = G~Y(Z), the conclusions of Lemma 4.1 can be stated in
terms of a stationary E-valued process X. Since we will need to use the process Z in the
sequel, we have chosen to express Lemma 4.1 in terms of this process.

Proof. Let {rq, x1} be distinct points not contained in U and define U = U x {kg, k1 }. For
f € D, define
Cf(z,u,rk) = KAf(x,u)ly (k) + KBf(x,u)lf) (k)

and
V(x,u, k) = Ya(r, u) ) (K) + Yp(7, u) {0 (k)

We redefine i so that it is a probability measure on E x U by setting
/h(m, u, K)p(de X du x dk)

_ g (/ B, 1w, ko) o (da x du) + /h(m,u, 1) i (da du)) ,

where K = ug(E x U) + pu1(E x U) is the normalizing constant above.
Observe that u has marginal ¥ and that both pZ and ¥ are absolutely continuous with
respect to u”. Hence we can write

/ Wz, u, k) p(de x du x dk)
ExU

dug
// T, U, K) 770 x, du)dpey (dr) K 1d 23< )
. d
+ (2, du) g,y (dr) K 1Chlj—2(x>)“E(dx>'

Thus, when p is decomposed as p(dx x du x dr) = n(x,du x dr)pf(dz), the conditional
distribution 7 satisfies

du¥ du¥
D ¢ ) = o, ) (06) K @) o () P ) e
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It follows that for each f € D,
/Cf(x,u, K)pu(dr x du x dr) = [/ Af(x,u)po(de x du) + /Bf(x,u)ul(dx X du)
= 0.

This identity, together with the conditions on A and B, imply that the conditions of Theorem
3.7 are satisfied. Therefore there exists a stationary process Z such that

f(G //Cf (8)),u, k) n(G~1(Z(s)), du x dk) ds
— fG(Z / / AF(G(Z(),0) (G (2(6)),d0) P56 (2(5) ds
/ [ BIHG 260 m(@ @) S 6 2 s

is an {F7}-martingale for each f € D and E[Iy, (Z(t))n(G~1(Z(t)), Hy)] = v(H; X Hy).
Observe that for each H; € B(E) and Hy € B(U),

Bl (Z(0)) 3 (G () mo(G ™ (Z(0)). Ho)] = o x o)
and 1B
E[le<Z<t>>djj—g<G-1<Z<s>>>m<0-1<z<t>>, Hy)] = w(Hy x Hy) .

For i = 0,1, define

)\~(t):K‘1/t%(G‘( ) ds = K- /
‘ o duf dyE

Then A\g and A; have stationary increments and Ao(t) + A (t) = ¢. O

4.1 Proof of Theorem 1.7

Proof. Forn =1,2,3,..., consider the operators A and B,, = nB. By (1.17), the measures
po and g1 = (1/n)py satisty

[Ardu+ [ Budua =0, vreD,

and A and B, satisfy the conditions of Lemma 4.1. Define the probability measure pu, =
K, (o +(1/ n),ul) where K, is a normalizing constant, and the measures v, 1 and vy as

n (4.2). Let vZ l/OE , and vZ, denote the corresponding marginals on E. Then for each n,

Lemma 4.1 implies that there exist a stationary process Z" and non-negative, continuous,
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non-decreasing processes Ay and A} having stationary increments such that AJ(¢) + A7 (t) = ¢
and for each f € D,

F(G N2 / / KL AF(G (27 (5)), w)no(G(Z7(s)), du)dN(s)
/O / KB f(GH(Z7()), ) (GH(Z7(s)), du)dXi(s)  (4.3)

is an {FZ"}-martingale and Z"(t) has distribution v2(-) = v,(- x U). In particular, by
considering f = g, we have

/0 / Ko Agi(G1(Z7(5)), uno(G~ (27 (5)), du) NG (s)
| ] EuBae (z ) 0m (G2, dujaxi(s)
is an {F7" }-martingale.
Observe that K, = po(E x U) + (1/n)u(E x U) > 1 and K, \, 1 as n — oco. Thus

vE = v as n — oo.
Also note that

~ K /d“o Z"(s)))ds  and = K /1““‘1 GY(Z"(s))) ds.

dp; n dpy;
(4.4)
Now observe that
n ' 1 -1 dlulE -1 n

nE[M}(t)] = nE i EK" o (G=(Z"(s))) ds

= ¢ [ K @t
e duy "
= K, 'tpi(E)
< tuf(E) =:C,.
Therefore E[\}(t)] < C;/n and converges to zero as n — oo, which implies

EXN ()] —t,  asn— oo, (4.5)

d E
since Aj(t) + A7 (t) = t. Note that dMOE < K,,, and hence (4.4) and (4.5) imply

n

Ag(t) — t in probability — as n — oo.

We now show existence of a limiting process Z. We verify that the conditions of Corollary
1.4 of [17] are satisfied.
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Consider the collection of coordinate functlons {2} Note that the compact containment

condition is trivially satisfied and {z,} C C(E) separates points in E.
For t > 0, consider any partition {¢;} of [0,¢]. Then

]

‘ [ M/K Age(GTHZ™(9)),u) (G ™H(Z"(s)), du) dAG (s)

E Z \E[Zy (tir) — 23 (t:)|F2]

n / [ KB @)@ o)L o 7|
< Yt =) ([ [ 140G @G @) ) P 6 @) v
+z fia = 1) (// Bonte e, )L S o) ) )
" (/EU Agi (2, 0)| o x dut) + /Ew | Bge(, u)| i (dz: du)>

=t (I14gel21Guo) + [1Bllerun) < 00

where the last inequality follows from (1.16) and Condition 1.2. Thus condition (1.7) of [17,
Corollary 1.4] is satisfied. By selecting a weakly convergent subsequence and applying the
Skorohod representation theorem, if necessary, we may assume that there exists a process Z
such that Z"(t) — Z(t) a.s., for all but countably many ¢.

Now for each n, define the random measure [ on E x [0, 00) satisfying

P(H, % Hy) — / 0Ky Ty, (27(5), 5)ANI (s)
0

00 E
= | D260, 9 (G (20 s, (4.6
0 n

for all Hy € B(E), H, € B[0,00). Then {f"} is a sequence of E(E)-Valued random variables.

We show that this sequence of measure-valued random variables is relatively compact.
Note that for a complete, separable metric space S, a collection of measures K C L(.S) is

relatively compact if sup,,cc (S x [0, T]) < oo for each T, and for each T and € > 0, there

exists a compact set K7, C S such that sup,ce u(Kg, x [0,T]) <€

Recall, E is compact, so the second condition is trivially satisfied by each ™. Now
observe that

B < 01 = B [ 126D LG 2 ) ds

= UL ()i () (4.7)
G-1(H) dpyy " .

= Tp(GT'(H)).
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Taking H = E and applying Markov’s inequality,
P(T"(E x [0,T]) > My) < TuP(E)M;".

Given € > 0, taking a sequence {7} with T; — oo and setting My, = T;uf (E)e/27 shows
that the sequence {f"} of random measures is tight and hence relatively compact. By passing
to an appropriate subsequence {n;}, if necessary, and applying the Skorohod representation
theorem, we can assume that there exists a random measure T on E x [0,00) such that
" — T as. in L(E A) and, for all but countably many ¢, Z" () — Z(t) a.s. in E and
I — Ty a.s. in M(E x [0,t]), where T and T, are the restriction of the measures to
E x 0,¢]. The stationarity of the time increments of T follows from the definition of I"™ and
the fact that the Z" are stationary. The finiteness of E[I'(E x [0 t])] for each t follows from
Fatou’s Lemma, which implies the finiteness of F(E x [0,1]) a.

We now show that for each k, each m > 1, and each ch01ce of 0<t; <ty <--- <t <
tiir and hy € C(E x Ly, (E)), i=1,...,m

E [{Zu ) / 7[sG @) wE @) dds 1)
_ / / Bge(G™(2),u) m (G (2), du)(d= x ds>} -Hm<z<ti>,fn>] —0,
EX(tmtm+1] JU .
which is true if and only if for each k,
/ / Agi(GH(Z(s)), w)mo(G(Z(s)), du)ds
/ / Bg(G™(2), u) (G(2), du)(d= x ds) (4.9)
Ex[0,t]

is an {]:tz’f}—martingale.
The analog of (4.8) for (Z",I™) is

B[ Ztmin) = Z2(t) )
/MH/ ZZO Z™(8))Age(G~H(Z"(s)),u) no(GH(Z"(s)), du)ds
), st }/UBQ’“(G1<Z>’“>"1<G1<Z>>d“>f”<dzxds>} (4.11)

m

T m(z). T =o.

i=1

The idea is to let n — oo to establish (4.8). However, care needs to be taken since the

{f’”} are not necessarily bounded measures. To overcome this difficulty, for each n > 0 and
M > 0, we define the stopping time 7" by

M — inf {t >0: TE x [0,4) > M} . (4.12)
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Note that for M; < M,, 7™ < 7M2m and

p(rMn<T) = P (f“(E % [0,T]) > M)
< ME [fn(E x [o,T])}
= M 'Tuf(E),

so ™M™ — 00 a.s. as M — oo.

Since if M} is a martingale, M?(- A 77™)

is also a martingale,

B Zit(tma A7) = Z3 (b A7)
M,n

_ /t - / W—OE(G—l(Z“(s>>Agk<G—1(Z”(s)),u)no(G‘l(Z"(s))adU) d{4.13)

mATMn U dun

_/E BT Bgp(G™H(Z™(s)), w)m ((G~1(Z"™(s)), du)["(dz x ds)}

Hh Z(t),T)] =0

holds for each k, m > 1, 0 < t; < ty < -+ < t,, < tpy1, and h; € 5(@ X Eti(E)),
1=1,....,m N
Now for each M and n, define the random measure I'’'" by

/ h(z,s) TM™(dz x ds) = / h(z,s)I"(dz x ds),
Ex[0,] Ex[0,tATMon]

for all bounded, continuous functions h. The following observations should be made about
'Mn - First, '™ is monotone in M in that for every nonnegative function h,

/hdfMl’” < /hdwa,

whenever M, < Ms. Second, as M — oo, [Mn _, Tn and, moreover, fiw = f? on the set
{rMn >t} where, as above, Ffw "™ and I'? denote the restrictions of '™ and ', respectively,
to random measures on E x [0,¢]. Finally, {T*"} also satisfies

E[TM™(H x [0,4])] < E[T"(H x [0,8))] = v’ (H),

and so is relatively compact.

Using a diagonal argument and the Skorohod representation theorem, if necessary, for
each M there exist 7™, T'™ and some subsequence (to simplify notation, we assume the
entire sequence) such that T — TM and 74" — 7M a5, and for all but countably many
t, Z"(t) — Z(t) and TM" — TM g5,

M and T™ inherit a number of properties from 7" and T™". First, 7™ — 00 a.s. as
M — oo. Second, T'™ is monotone in M, and since 7 > lime o inf{t > 0 : D(E x [0,]) >

M — €}, it follows that T =T, a.s. on the set {I'(E x [0,]) < M} and hence,
ffw /! T, as. Vt>0.
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Now choose t1, ...ty tmsr € T := {t : (Z"(t),I7) — (Z(t),T}) a.s.} in (4.13). Since
|Zk| S Qp,

E Zg(t)ﬁhi(Z"(ti),fg) — E Zk(t)ﬁhi(Z(ti),fti)] . teT. (4.14)
i=1 =1
Note also that
E Zg(t)ﬁhi(Z"(ti),fg) — E | Z2(t ATM™ ﬁhl ] |
i=1 =1
ﬁ I[ha|| P{r™M" <t}
and :
E | Zy(t) ﬁhi(Z(ti),fti) — E | Ze(t A TM) ﬁhi(Z(ti),fti)] < 2ay, ﬁ [ ha|| P{T™M < t}.
i=1 i=1 =1

Now recall the definitions of the measures 1/{? , ,u{% , and Vf on B (from the first paragraph

of the proof). Observe that the measures v and v are absolutely continuous with respect
E

. dv} du;
to ¥ with Radon-Nikodym derivatives dZ’E(z) = dZ%(Gl(z)).

We claim that for each g € Ll(yf),

tm-t1 dvF
Z™(s)—%(2"(s))ds | [ (27 (t:),TT)
| ezt H
tm41
/ dsHh rm],
tm

as n — o0o. To see this, fix g € EI(VOA) and let € > 0 be given and select g. € C(E) (recall,
Eis compact so g, is bounded) such that

[ 196:) = )b <

E (4.15)

— F

Then, recalling that Z"(s) has distribution I/E and the definition of A} in (4.4),

/tmﬂ(g(Z"(S))—ge(Z"(S)))dVOA Z"( dSHh (Z"(t:),T7) ”

dvk

E

/t o2 2706 - L 2 dS]HHhH

(tms1 — H|Ih||




Similarly, Z(t) will have distribution V? and so

| ) - a.zenas [z, fz)] '
<E [ [ oz - |ds] L
m+1 H Hh H

We now consider the convergence of

tm+1 d
/ (27 (s)) 20 ”0 A dsHh (Z"(t "]
t’l’L

E

E

an

Since for each i, hz(Z”(tz),fﬁ) — hi(Z(t;),Ts) a.s. as n — oo, and for almost all s €

dvE
[ty tmsi]s 9e(Z27(s)) — g(Z(s)) V% (Z"(s)) — 1 in probability, as n — oo, (4.15)
follows. A similar argument establishes

tm+1/\TM’n d
/ g(Z™(s)) ”0 A dsHh (Z"(t;),T")
t

W ATMon dl/n

/tmﬂ ™ g(Z(s))dsHhi(Z(ti),fti) , (4.16)

mATM

E

— F

Turning to the convergence of the terms involving the random measures, observe that

/ g(2) T (dz x ds) — g(2)TM (dz x ds) a.s. (4.17)
Ex(tmtme1)

EX (tm,tm+1}

for all g € C(E). Since these random variables are bounded by ||g||M, the bounded conver-
gence theorem implies

m

/ g(2)I"(dz x ds) [ [ ha(2" (1), T}
Ex(tm tm+1]

i=1

E (4.18)

— F

/E . }g(Z)fM(dZX dS)Hhi(Z(ti)7fti)]-

i=1
Noting that for g > 0,

Bl / g(2)FM"(dz x ds)] < E / 9(2)(dz % d3)] = (tuuyr — tw) / gdvE.
ExX(tmtmi1) Ex(tmtma1] E
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this convergence can be extended to all g € El(u1 ) by approx1mat1ng g by g € C(E )

above. In particular, g € El(ul ) if |g(2)] < C’ng =C, fU Yp(G7H(2)), u)n (G (2 ),du).
Taklng g in (4 16) to be g(z) = [, Age(G7'(2 ) )no(G 1(2),du) and ¢ in (4.18) to be
= [, Boe(G™(2),u)m (g~ ( ), du), along with (4.14), we have

)E[{Zk(tm—&-l ANTMY) = Zyo(tm ATM)

_ /t " ey AN (Z(3)), W (G (Z(s)), du)ds (4.19)

EX(tmtm+1] i=1

_/ Bge(G7'(2), w)m (G~ (2), du)TM (dz x ds)} ﬁ hi(Z(t:), ft)} ‘

< day, | [ il P{mar < t}.

i=1

Defining w az) = [, ( ,u)no(G~1(2), du), the expression in the expectation is domi-
nated by

tm+1 N N - m
Ry = <2ak +/ ag, Va(Z(s))ds +/ b, Wp(2)TM (dz x ds)) H Ilhi]l. (4.20)
tm EX (tm tm]

i=1

Let R be defined as Ry with T replaced by L. Noting that Ry /* R and E[R] < oo, the
dominated convergence theorem implies that as M — oo, the expectation on the left side of
(4.19) converges to the left side of (4.8) while the right side converges to zero. Consequently,
(4.8) holds for ti,...,t, € 7. Right continuity of Z and T then implies (4.8) holds for all ¢,
and thus (4.9) is a martingale.

The random measure I' has stationary increments but need not be adapted to the fil-
tration generated by Z. Without loss of generality, assume the process Z is defined for
all t, not just for ¢t > 0, and assume that I' takes values in measures on E x R. Define

.TtZ = 0(Z(s) : —o0 < s < t) VN, where N denotes the null sets, so that {7—"5} is the
completion of the filtration generated by the process Z. Let F; = ?tz 4. Then by Lemma 6.1,
using the space E and taking H(z,s) = e”l, there exists a predictable random measure r
satisfying (6.16). As a result, (4.9) will be an ?ir—martingale with T replacing I'. Note that

I' has stationary increments.
Define X = G7(Z) and the random measure I on F x R by

/ h(z,s)'(dx x ds) = [ hG™Y(2), s)[(dz x ds).
ExR ExR

By working with the completions, ?ii = ?tZ ", which implies (1.18) is an {]_-—XH}—martingale
for each g, and hence for each f € D. O
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5 Proof of Theorem 1.11

Proof. We essentially follow the proof of Theorem 4.1 of Kurtz and Stockbridge [21]. Let a
be chosen to satisfy (1.21). Define the operators A and B by

A1) (.0,5) = 6(60, $)Af (2)+0/(6, ) f () +0 [¢<—e7 0) [ St - 90.1@)] 5.1

and ) R

B(of)(x,0,s) = ¢(0,s)Bf(x), (5.2)
for feDand ¢ € Dy = {¢p:¢,¢ € C({—1,1} x [0,00))}, where ¢ denotes differentiation
with respect to the second variable. Taking D = {fo : f € D,¢ € D}, A, B and D
satisfy Condition 1.2 with ¥ ; = [, ¥a(-, u)n(-, du) and ¢z = fU Y- u)n (-, du) Define
the measures fip € P(E x {—1,1} x [0700)) and fi; € M(E x {—1,1} x [0,00)) by

/ h(z,0,s)fio(dx x df x ds) (5.3)
Ex{—1,1}x[0,00)
—1 1
/ / (x, s+hx, ,S) ve(dr)ds
/ h(x,0,s)fiy(dx x df x ds) (5.4)
Ex{-1,1}x[0,00)
h(z,—1 1
= a/ e (z, =1,5) + hiz, ’e)u(d:ﬂ X ds),
Ex[0,00) 2

for h € B(E x {—1,1} x [0,00)). The following computation verifies that (A, B, fig, ji1)
satisfy (1.19). For f € D and ¢ € Dy, and setting ¢(s) = (¢(—1,s) + ¢(1,5))/2,

[ Aenano+ [ Bonam
Co [ [ o e Fs o (50 [ 1an - sor) | s
va [ o € B
:a/ooo< ~a5g(5) — ae~*3(s )(/fdys)ds
+a /0 e~ (s ( / Afdz/s) ds + / fdvy + / e~ (s)Bfdu
:a/:o< a5 (5) — ae~ (s )(/ fdu0+/ /Afdz/rerr/Ex[OS]deu) s
+a /0 N e ¢(s) ( / Efdys) ds + ad(0) / fdvy + a / e~ o(s)Bfdu
:a/ooo (;S( ~as (s > (/ fdu0+[EX[OOO)I[OS]( A fdv,dr
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. / Lo.q(r )deu)
Ex[0,00)

+a /O h e 9(s) ( / A fdys) ds + ap(0) / fdvy + o / e~ G(s)Bfdu

=0,

where the last equality follows by interchanging the order of the integrals with respect to r
and s and observing that all the terms cancel.

At this point we could apply Corollary 1.9 to obtain the existence of a stationary space-
time process (Y, 0,5) and boundary measure I with stationary distribution given by fio;
however, we need to specify a more explicit form for the random measure. As in the proof
of Theorem 1.7, for each n, define the operators B, = nB and the measures oy == ul and
fn = K (jig + fi). Apply Lemma 4.1 to get the stationary processes Z", ©", and S” nd
processes A\j and A} satisfying (4.4) such that

B(6" (1), S™(O) (G2 (1)) — / K, A(6f)(G(Z7(5)), 07(5), S"())dN(s) (5.5)
/0 KouBu(61)(G(Z7(5)), 0"(s), 5" (5))dN ()

is an {F7 9" }-martingale.

Existence of limiting processes Z, ©, and S follow as in the proof of Theorem 1.7, and in
the current setting, (0™, S") = (0, 5) in the Skorohod topology. This stronger convergence
of (©",S™) allows us to be more explicit in describing a boundary measure T.

For each n, let I € £(E) be the random measure satisfying

P < 0T) = [ naln ()N ) 5.6
= [ @) ), 06,5760 s
Note that
nK, / 1), 07 (s), S"(s))dAT (s) = /E " h(G(2), 07 (s), S"(s)) T (dz x ds),
and hence

" / Wz, 0, 5)jis (dx % d x ds) = E] / WG (2), 07 (s), S™(s))T™(d= x ds)]. (5.7)
Ex[0,00) E

Ex[0,]

In terms of I, (5.5) becomes

o(O" (1), S"() F(GTH(Z" (1) — GH(Z"(s)),0"(s), 8" (s))dA5(s) (5.8)

“1(2),0"(s), S™(s))["(dz x ds).

k\\ﬁk\\\

)

Ex|o, t]
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Since

T ~
BEE x0TI = E| [ 12 0) (G 2(9),07(5). 55 s
0 n
= Tim(E x{-1,1} x [0,00)),
the argument in the proof of Theorem 1.7 shows that the sequence {f”} is relatively compact,
and the existence of the limit (Z,0,S,T"), at least along a subsequence, follows as before.
The E x {—1,1} x [0, 00)-valued process (Z,0,S) (which we may take to be defined for
—00 < t < 00) is stationary and the random measure I' (which we may take to be defined
on E x (—o00,00)) has stationary time-increments. The convergence of (5.8) to a martingale
follows as before, except for the last term. Applying the Skorohod representation theorem,

we will assume that the convergence is almost sure.
Taking f =1 in (5.8), we see that

¢(0"(t), 5" (1)) —/0 [¢/(07(s), 57(s)) + a(d(=0"(s),0) — 6(O"(s), 5" (s)))]dA¢ (s)

is a martingale, and it follows that (©",5") can be written as (©"(t), S™(t)) = (©™(\i(t)),
S™(\X(t))), where (6™, S™) is a solution of the martingale problem for C' given by C¢(0,7) =
&'(0,r) + a(p(—0,0) — ¢(0,1)), for ¢ € D;. Uniqueness of this martingale problem (cf. [11,
Theorem 4.4.1]) and the fact that \g(¢) — ¢ implies that (0, .S) is a stationary solution of the
martingale problem for C'. It follows (see [21], page 624) that S is exponentially distributed at
each time ¢, increases linearly at rate 1 up to a random time that is exponentially distributed
with parameter o at which time it jumps to 0, and the cycle repeats. Similarly, O(t) =
O(0)(=1)V®  where N(t) is the number of returns to zero made by S in the time interval
(0,t]. Note also that (0™, S™) converges to (0, 5) in the Skorohod topology.

Some care needs to be taken in analyzing the convergence of the last term in (5.8).
We can approximate B(¢f)(G~1(z),0"(s), S"(s)) by h(z, ©"(s), S"(s)) with h € C(E x
{~1,1}x[0, 00)) (that is, select i so that [5. 1 1}, (0.00) |B(¢f)(G(2),0,7)—h(z,0,7)|ji1(dz
xdf x dr) is small), but we cannot rule out the possibility that I’ has a discontinuity at the
jump times of (0,5). In particular, u(E x {0}) may not be zero. For instance, in the
transaction cost models (see Example 1.5 and [8, 25]), if the support of 14 is not a subset of
the control region, then the optimal solution may instantaneously jump to the boundary of
the control region at time zero. In this situation, {v;} will not be right continuous at zero,
but will satisfy

/Efuo+:/Efduo+/E§f(x)u(dxx {0}).

Since in the process we are constructing, Y = G~(Z) “starts over” with distribution v at
each time 74 that S jumps back to zero, in this situation Y must take an instantaneous jump
governed by I' so that Y (7,+) has distribution v,

Let 7 = inf{t > 0: S(t) = 0}, and for k > 1, let 741 = inf{t > 7, : S(¢) = 0}. Then we
can write T = fo + fl so that

#(O(t), S (G (Z(t+) - /OA(¢f)(G1(2(5)),@(5),5(5))ds (5.9)

43



- [l BONEE).00) Sl )Fof x
- /@ ’ t]B(¢f)(G_1(Z),@(s),O)fl(dz x ds)

,s : =
is an {f FLO5T0 I11} martingale for f € D and ¢ € Dy, where the support of the measure I’y

is on B x {7k, k > 1}.
Taking ¢ = 1, we see that

HGTHZ(t+) — /0(Af(G_l(Z(S))JrozUEf(y)Vo(dy)—f(G_l(Z(S)) )ds (5.10)

~

- /E [OﬂBf(G‘l(z))f(dzxds)

: —=2,0,5T :
is an {F,[ " }-martingale.
Define the E-valued process Y = G~1(Z) and the random measure I on E x [0, 00) by

/ h(z, s)[(dz x ds) = / WG (2), s)[(dz x ds).
Ex [0 t] EX [O»t]

We may assume that ' is adapted to the filtration {?Z:’r@’s}, by applying Lemma 6.1, if
necessary. We can rewrite (5.10) as

¢
ptee) - [ Ayl [ fmban - so@|is- [ By < i)
0 E Ex0,t]
(5.11)
and (5.11) is an {]_:ﬁs}—martingale.

Now let 7o = sup{t < 0: S(t) = 0}. Define the process X by X(t) =Y (r1+t),t > 0, the
random measure I' on E x [0,00) by T'(H X [t1,t5]) = T(H X [y 4+ t1, 71 + ta]), for H € B(E)
and 0 < t; < ty, and the filtration G; = ?(771—;-15)—1—’ t > 0. Then, an application of the optional
sampling theorem (cf. [11, Theorem 2.2.13]) implies

FIX(1) /0 [Af ) +a (/ Fdvy — ))} dr — /EX[OJ] Bf(x)T(dz x ds)
is a ]S[Qé}—martingale.

L(t) = [a(r1 — 10)]) '€ g ry—r) (t) = [a(71 — 70)] " ted(mAmA) =T 1+ @(71)6(2(71 ) A 72),

and observe that L is a {G,}-martingale with E[L(¢)] = 1. Let P be a new probability
measure having Radon-Nikodym derivative L(t) on gt with respect to the original probability

measure P, and denote expectation with respect to P by EP [-].
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Observe that, under P,
[a(Tl - 7—0)}_160&][0,72—7'1)(t>f(X(t)) - /0 [a(Tl - TO)]_leaTI[O,TQ—n)(T)A\f<X(T>> dr
—/ [ ][a(ﬁ - TO)]_leO‘T’I[O,TQ,Tl)(r)fﬁ’f(x)f‘(dw X dr)
Ex[0,t

is a {_gt}—martingale which implies that for each m > 1, 0 < t; < --- < t,, < tpns1, and
hi€ C(Ex Ly, (E)),i=1,...,m

0= © [[am ) {eatw[o,mm(th)f(X@mH)) e T (b (X ()

tma1 .
— / e 110, ry—r) (1) Af(X (r))dr
tm

- /E s ]E[eatmﬂf[o,m—n)(tmﬂ)’gr]éf(ﬂv)F(dxxdr)}Hhi(X(ti),Fti)]
- F Hf(X(th))—f(X(tm))—/tm AF(X(r))dr

_/E " }Ef(a:)l“(dm X dr)} Hhi(X(ti)7Fti)] ;

where the elimination of the conditioning in the last term in the braces follows by Lemma
6.2. It follows that

X)) — FX(0)) - / Af(X(r))dr — / B (#)T(dz x dr)

0 Ex[0,t]

is an {F;""}-martingale under P. B
We now derive the distribution of X (¢). First for each h € C(E x [0, 00)),

BP {oz /O "X (), t)dt}
_E [[am ) e Iy o (T) /O "X ), t)dt}
_B [(ﬁ ) /0 TE[eaTJ[O,TQTl)(T)ygt]e—WX(t),t)dt]
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T
= |: T — 7'0 / 107-2 .,-1) X(t),t)dt:|
0

— /m (11 +T) o S(t))dt] |

and letting 7" — oo yields

BP {oz /0 h eath(X(t),t)dt} —E {(ﬁ — ) / i h(Y(t),S(t))dt] L (5.12)

For t > 0, define 7t = sup{r < t : S(r) = 0}, 7 = inf{r > ¢t : S(r) = 0}, and
b =inf{r > 7{ : S(r) = 0}. Note that 70 = 7; for i = 0, 1,2. The quantity

t
T2

(rf — ) / B(Y (), S(r))dr

t
1

is stationary in ¢ and for ¢ € [1g, Thi1),
t
2

(=1 [ )80 = (s =) [ R0, S

t
1 Tk+1

Let N(t) denote the number of jumps of S in the interval (0,¢]. Then by stationarity,

{ﬁ‘”’ ey >d}
/ ) / fh(Y(T),S(r))drdt]

1

(T)H TANT,—7,1 V0 T+l
—T'E Z 71— Tl 11 (/ h(Y(r),S(r))d?")
i=1 K2 11— Ti

_7g /0 v, S(r))dr}

TE| /0 "), S(r))dr}

LT / CIAT L (), S(r))dr]

. T1—To

i TN(T)+1
CTE | Iy / h(Y (), S(r))dr]
L T

[ T — TN(T)+2
+T7E | Iivirysop V) / h(Y(r),S(r))dr].

TN(T)+1 = TN(T) Sy ()41

The first term of the right hand side equals [ h(x, s)fio(dx x {—1,1} x ds) by the stationarity
of (Y, S), and the other terms converge to 0 as T'— oo. By (5. 3) and (5.12), we obtain

BP {a/o —atp (X ( dt] —a/ / z, ) (dz)d (5.13)



Let {h;} € C(E) be a countable collection which is separating (see [11, p. 112]). Taking
h(z,t) in (5.13) to be of the form ¢(t)hi(z), we see that

EP[h(X(8))] = / he(@)mdz), e t,

and since {hy} is separating, it follows that X (¢) has distribution v; for a.e. t.

Following a similar argument, we determine E[I']. For h € C(E x [0,00)), we have

E* [/ ae “h(x,r)[(dz x dr)]
Ex[0,T)

=F |[a(r — To)]lozeaTI[o7T2_Tl)(T)/ e " h(x,r)T'(dx x dr)}

Ex[0,T)

=FE|(r — 70)1/ E[eaTI[OVTZ_ﬁ)(T)|Q’r]e’m'h(a:, r)I'(dx % dr)}
L Ex[0,T)

=FE|(rn — TO)_l/ T0,7y—7) (1) M, )T (da % dr)}
L Ex[0,T)

=FE|(n— To)_l/ h(z,r — )T (dx x dr)] ,
L Ex [Tl ,‘I'Q/\(Tl +T))
where the second equality follows by Lemma 6.2. Letting 7' — oo, we obtain
ol [/ ae”“h(x,r)[(dz x dr)]
Ex[0,00)
=F [(7'1 — 70)_1/ h(z,r — ) (dz % dr)} . (5.14)
EX[TLTQ)

Recalling the definitions of 77, for i = 0,1, 2, and 7, for & > 0, the quantity

(rf — 741 fEx[Ti o M@, — )T (dz x dr) is stationary in ¢, and for ¢t € |1, Tha1),
1°°2

(rf — Té)l/ h(z,r — mHT(dx x dr)
EX[T{,T%)
= (Ths1 — Tk)l/ h(z,r — Tk+1)f(dx X dr).
EX[Tk+1,Tk+2)

Proceeding exactly as before we have
E |:(’7'1 — TQ)_l/ h(z,r — m)T(dx x dr)]
EX[Tl,Tz)

=F

T
7! / (th — 1) / h(z,r — ) \(dw x dr)dt]
0 EX[’Tf,T;‘)
=T 'E [/ h(z,r — ) (dz % dr)]
Ex[0,T)
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~T7'E / h(z,r — 7)1 (dz % dr)}
LJ Ex[0,72AT)

-Tl/\T

L7T1 — To

+T7'FE

/ h(z,r — )T (dz ¥ dr)]
EX[Tl,TQ)

—|—T_1E I{N(T)>1}/ h($, r— TN(T))f(d$ X dr)
EX[T,Tn(1)+1)

+T7'E | Iin)>0)

T — TN(T)

/ h(z,r — TN(T)H)f‘(d:E X dr)
TN(T)+1 = TN(T) J EX[Tn(T)+1,7N(T)+2)

Since S(r) = r—7g, by (5.7) and the definition of T, the first term equals fEx[O ) h(z,7) i (dz
x{—1,1} x dr) and the other terms converge to 0 as 7" — oo. Thus combining (5.14), the
above limit, and (5.5), we have established that

EP {/ ae” “"h(z,r)[(dr x dr)] = / ae” “h(z, s)u(dz x ds). (5.15)
Ex[0,00) Ex[0,00)

Taking h of the form h(z,r) = o' Iy, xu,(x,r) for Hy € B(E) and Hy € B([0,0))
with H, bounded, we have ET[['(H; x Hy)] = u(H; x H,), and hence the result. O

6 Appendix

6.1 Existence of an adapted compensator for a random measure

Let (2, F, P) be a probability space with a filtration {F;}. Let P be the predictable o-
algebra, that is, the smallest o-algebra of sets in [0, 00) x Q such that for each {F;}-adapted,
left-continuous process X, the mapping (t,w) — X (t,w) is P-measurable. A process X is
{F:}-predictable (or simply predictable if the filtration is clear from context) if the mapping
(t,w) — X(t,w) is P-measurable.

Let (E,r) be a complete separable metric space, and let Pr = B(E) x P. A process Z
with values in M (E) (the space of B(E)-measurable functions) is predictable if the mapping
(x,t,w) — Z(z,t,w) is Prp-measurable. A random measure IT on E X [0,00) is adapted if
for each D € B(E), the process II(D x [0,t]) is adapted, and II is predictable if for each
D € B(FE), the process II(D x [0,t]) is predictable. The following result is essentially the
existence of the dual predictable projection of a random measure. (See, for example, Jacod
and Shiryaev [12], Theorem I1.1.8).

Lemma 6.1 Let {F;} be a complete, right-continuous filtration. Let I' be a random measure
on Ex[0,00) (not necessarily adapted). Suppose that there exists a strictly positive predictable
process H such that

E [/ H(z,s)I'(dx x ds)| < oo.
Ex[0,00)
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Then there exists a predictable random measure T such that for each B(E)-valued predictable
Z satisfying |Z| < K for some constant K < oo,

My(t) = E

/ Z(x,s)H (z,s)'(dz x ds) ‘7-",51 —/ Z(x,s)H(z, s)\(dz x ds),
Ex[0,t] Ex[0,t]

(6.16)
is an {F}-martingale. In addition, there exist a kernel v from ((0,00) x Q,P) to E and a
nondecreasing, right-continuous, predictable process A such that

~

['(dx x ds,w) = v(s,w, dx)dA(s,w) + dgoy (ds) E[I'(dx x {0})|Fo](w). (6.17)

Proof. We separate out the atom of I' at time 0 (which may or may not exist) by defining
T(- x {0}) = E[T(- x {0})|F]. This explains the second term in (6.17).

For D € Pg, define v(D) = E[fEx(o,oo) Ip(x,s)H(z,s)['(dxr x ds)] and for C' € P, define
1(C) = v(Ex(C). Since E is Polish, there exists a transition function v, from ((0, c0) xQ, P)
into £ such that

v(D) = / Yo(8,w, D(sw))vo(ds x dw),
(0,00)x Q2

where D¢y = {7 : (z,s,w) € D}. In particular, for each G € B(E), (-, -, G) is P-
measurable. Let Ay(t) = fEx(O q H(z,s)I'(dx x ds), and note that

w(C) = E {/Ex(o,o@ Io(s)H (x, )0 (dx x ds)} —F UOOO Ic(s)dAO(s)} . CeP,

N V(D):/Q/OOOvo(s,w,D(&w))dAo(s,w)P(dw):E{/OMWQ(S,-,D(S,.))CZAQ(S)}a

for every D € Pg which implies

E { /E o Z(z, 8)H(z, s)D(dz x ds)} —F { /O h /E Z(g;,s)%(s,-,dx)d/xo(s)]

for every bounded, predictable Z.
There exists a nondecreasing, right-continuous, predictable process A, such that Aq — A
is a martingale and hence

v(C) = E Uot ]C(s)dA(s)} , CeP,

and

/D) =B | [ ouls Deptals)]

For G € B(FE x (0,00)), define
~ o 1
FG,w:/ /7 s,w,dx)dA(s),
)= [ sl ol
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and observe that

E { /E oy Zlr )f(d:cxds)] _ B /0 t /E Z(x,s)fyo(s,d:c)dA(s)}

= B[ [ [ 2wl dertan)

- B _/M Z{as) (a9 ds)] |

Let ¢ > 0 and r > 0, and let R be bounded and F;-measurable. Note that if Z is
predictable, then Z(z,s) = Rl 44,(5)Z(x, s) is predictable. It follows that

E[(Mz(t+1) — Mz(1))R]
~ B KE { [E PR COLCERTEND

f't+r:|

B UEXM Z(x,5)H(x, )T (dx x ds)

7)o
—FE UEW . Z(x,s)H(z, s)T(dz x ds)R]

_ B K /E oy 2l )T
- /E o D )T ds)) R}

I(
- E Vm(t ) T ds) }

—F [/ RZ(x,s)H(z,s)T(dx x ds)]
Ex(t,t+r]

so My is a martingale. 0

6.2 Conditioning and random measures

Let I' be an adapted random measure on E X [0,00) defined on (2, F, P) and satisfying
I'(E x [0,t]) < oo a.s., for each t > 0. Let V be a stochastic process defined on (2, F, P),
indexed by E x [0,00). V is measurable if the the mapping (z,t,w) € E x [0,00) x Q —
V(z,t,w) € R satisfies V-1(C) € B(E) x B[0,00) x F for each C € B(R). Let {F;} be a
filtration in F. T"is adapted to {F;} if I'(G x [0, s]) is Fy-measurable for all G € B(F) and
0<s<t.

20



Let O be the optional g-algebra, that is, the smallest o-algebra of sets in [0, c0) x € such
that for each {F;}-adapted, right continuous process X, the mapping (t,w) — X(t,w) is O-
measurable. A variant of the optional projection theorem (see, for example, [11], Corollary

2.4.5) ensures that if V' is nonnegative, then there exists a B(E) x O-measurable function V'
such that

~

EV(z,7)|F;| =V (z,7) a.s.,
for every finite {F; }-stopping time 7. We will simply write E[V (x,t)|F;] for 17(58, t).

Lemma 6.2 Let {F;} be a complete, right-continuous filtration. Let I" be an {F;}-adapted
random measure on E x [0,00), satisfying E[I'(E x [0,t])] < oo, for everyt > 0. Let V be a
nonnegative, measurable process on E x [0,00). Suppose E[fEX[O’t] V(z,s)I'(dx x ds)] < oo,
for allt > 0. Then

My (t) = E[/E o V(z, s)['(dx x ds)|F] — /E EV(x,s)|Fs]T'(dx x ds)

x[0,¢]

is an {Fi}-martingale. In particular,

E [ /E PRCDATE ds)} _F [ /E oy PV ) EIN @ x )| (6.18)

Proof. The collection of bounded V' for which (6.18) holds is a linear space that is closed
under bounded, pointwise convergence. Let £ be an R-valued random variable, C' € B(FE),
and 0 < a < b. Define V(z,s) = {lo(x)l (4 (s). Then, letting 7 = {s;} be a partition of
(aNt,bAt] and y(s) = min{sy € 7 : s, > s}

s UEXW] Vi, s)l(dz ds)] = E[T(C x (a At,bAT))]

_ ZE[&T(C X (sk, Sk+1])]
= ZE[E[&\J-"SM]F(C X (Sky Skr1])]

_ B [ /E o PP o) (T ds)]
_ B [ /E o PV ) F e ds)] |

Letting max(sx+1 — sg) — 0, 7(s) — s+, by the right continuity of E[{|F;], we have (6.18).
A monotone class argument (see, for example, Corollary A.4.4 in [11]) then implies (6.18)
for all bounded, measurable processes V', and the extension to all positive V' follows by the
monotone convergence theorem.

Let Z be bounded and F;-measurable. Then
ElZ(My(t+h) — My(t))]
= F [Z(/ V(z,s)I'(dx x ds) — / V(z,s)I'(dx x ds)
Ex[0,t+h]

Ex0,t]

o1



- /E iy VG I ds))]
_ [ /E iy 2V @ x )

_ / B2V (x, $)|F|T(dz x ds)]
EX(t,t+h]

where the last equality follows by (6.18). This result implies that My is a martingale. [J
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