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Abstract

Robustnesgesults are presentedfor NPD control.
Drawing on the experimentaldemonstratiorby Xu et al.
of the performancebene ts of NPD control and recent
results establishing Lyapunov stability, the robustness
NPD control is examined and minimum bounds for
robustnesto parametricvariation are established.

1. Introduction

Nonlinear-PD(NPD) control takesthe form:

1)

where and  aretime-varyingstiffnessanddamping
terms,which may dependon systemstate,input or other
variables;and and arethe systeminputanderror,
respectively.NPD controlhasbeenproposedor a number
of robotic applications,including the Utah/MIT hand[6]

and the SarcosDextrousManipulator[7, 8].

Xu et al. [7, 8] have applied NPD control to
the Sarcos Dextrous Manipulator to increasedamping
duringforce control,whendampingby standardierivative
feedbackis challengedby the poor quality of the force
rate signal. The authorsexperimentallydemonstratehe
improvedperformanceluring force controlandduringthe
transitionfrom positionto force control.

The constructionof NPD control consideredcom-
prises an alternationof low-gain, linear PD control and
higher-gain, stiff control (termed ‘low-gain' and "stiff’
control). The applicationof low-gain and stiff control is
illustratedin gure 1. During intervalswhenthe outputis
travelingtowardthe goal, low-gain controlis applied. The
low-gain controlis given by a standardJinear PD control
law. When the outputis traveling away from the goal,
stiff (higher) control gainsare applied. This is shownas
the hatchedregionsin gure 1. When the proportional

gain is modulatedin this way, the dampingis increased.

When the derivative gain is so modulated,the rise time

can be improved.
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Figure 1. NPD Control applies high stiffness and
damping gains during periods when the
output is receding from the goal point.

More recently,Lyapunovstability of NPD controlhas
beendemonstrated3], aswell asa methodfor controller
constructionrequiring only partial state knowledge|[2].
The stability result of the former paper has lifted the
heuristicallyjusti ed limit on the stiff control gains;and
in the later paperit is shown that stable, well-damped
force control is possibleusing no force-ratesignalat all.

For the SarcosDextrous Manipulator, the improve-
mentachievableéby NPD controlis illustratedin gures 2,
3 and4. Thesesimulationswere madeusingthe 5" order
model presentedby Xu etal. [7, 8] and also described
in [2, 3]. Figure 2 showsthe force-control responseof
the systemwith the low-gain controller proposedby the
authors.Figure 3 showsthe responsef the samesystem
with NPD control. The nonlinearnatureof the control law
is evidentin the plot of . The larger valuesof
correspondo the periodsof transit away from the goal
state,asshownin gure 1. Figure 4 showsthat a further
increasein the stiff gain resultsin a further increasein
damping. The parametershownin gures 2 , 3 and 4
are the controller parametersn NPD control law of Egn
(2), below; thesesimulationsare describedmore fully in
section 4.

In this paper the robustnessof NPD control is
considered. The questionis central to the practicality



y, system output, kO = 0.30, b0 = 0.01, k1= 0.00
I

Figure 2. Force-Control response of
the Sarcos Dextrous Manipulator
with linear P-type control.

y, system output, kO = 0.30, b0 = 0.01,kl= 1.00
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Figure 3. System response, ;
environment stiffness, , 95.5% of nominal.

y, system output, kO = 0.30, b0 = 0.01, k1= 2.00
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Figure 4. System response,
environment stiffness,

, 104.5% of nominal.

of the method, becausethe demonstrationof Lyapunov
stability rests on complete knowledge of the system
model, and becauseNPD control can potentially be

applied with stiff control gains much larger than may

be appliedin linear PD control. In section2 of this paper,
the constructionof NPD control under considerationis

presentedin section3 issuesof robustnessre addressed;
in section4 an exampleis presentedand implicationsof

the resultsare consideredn section5.

2. NPD Control

The NPD control law consideredchereis given by:

)
with controller gains

®3)
where are constantswhich determinethe
low-gain controller; are
nonnegativefunctions which determinethe stiff control
gains; and are switch

functionswhich control the applicationof the stiff control
gains.

NPD control is illustrated in the block diagram of
gure 5, where estimatedstateis shown as an input to
the control block in order to supportevaluationof time
varying gains and

NPD Control ut) |A B, C 7&
u(t) = k() e(t) + b() &(t) LTI SISO System

X(t) Full or Partial
State Estimator

Figure 5. A block diagram illustrating
NPD control.

2.1 System Model

The plant consideredis a linear, time-invariant,
single-inputsingle-output,strictly properstate-spaceys-
tem:

(4)

where is , is , is The system
must be stabilizableby PD control, and the



sign of must be chosenso that the product

(a scalar) is nonnegative. Control, , is given by
NPD control law (2). Regulation to can
be representedby a suitable shift of coordinatesor
feedforward term; referencetracking is not considered
here.

Writing
(5)

it is possibleto solvefor in termsof

, giving:

(6)

Folding the control into the state derivative matrix
gives the autonomousstate spacesystem:

(7)

Where the boldface matrix is the closed-loop
feedbackmatrix; it is time dependenbn accountof the
time varying controller gains.

(8)

2.2 Lyapunov stability of NPD control

Completediscussiornof the stability of NPD control,
including issuesarising with the possiblediscontinuity of
, is presentedn [3]. Thereit is shownthatwhen

(i) The switching functions have no more than
nitely many discontinuitiesper nite volume
of statespace,and

(i) and are boundedabove,

Lyapunov stability can be constructively established.

Startingwith the standardquadraticLyapunovfunction:

(9)

where is a constant,symmetric,positive denite (PD)
matrix, thenthe Lyapunovderivativeis given by

(10)
Requiringthat and bechoseno stabilize ,

then during intervals when , the
Lyapunovderivative is given by:

(11)

where

(12)
and

(13)

When , may be written

(14)
where

(15)
are matrices,and

(16)

are nonnegativescalars.

Theorem 1. Stability of NPD Control (from [3]).

Considering a linear, time-invariant, SISO, strictly-
propersystem,as given by Eqn (4); and NPD control,
Egn(3), with and choseno stabilize

and chosenso that is positive de nite; and
choosingthe switch functions so that

or a7)

and

or (18)
then the system with NPD control will be glob-
ally asymptotically stablefor any boundedchoice of

and

Proof: Theproof, presentedully in [3], follows directly
from Filippov's generalized_yapunovstability theorem
[5]. With as given in (9) then, by choice of
and in Egns (17) and (18), the secondand
third termsin Eqn (14) arestrictly nonnegativeandthe
Lyapunovderivativeis upperboundedby:

(19)

Theseresultsestabliststability andprovidea framework
in which robustnessan be considered.



3. Robustness of NPD Control

The approachto NPD control designoutlinedin [2,
3] beginswith the designerselectionof . From this
is determinedby solving matrix Lyapunov equation
(13), and nally and are calculated.Within this
framework, is computedromthenominal and
and is known exactly.
The proof of stability for NPD control restson two
claims:

thatgiven , the correspondingo the true
systemmust be positive de nite, and

that the computed and are zero
whenevetthe true evaluationof either

or would give a negativevalue.

The robust existenceof and , which assuresthe
stability of , Is part of the standardrobustnesgheory
for linear state-spacsystemssuchasis addressedn [1,
4]. For NPD control, however,the  matrix must be
known to compute and This placesa more
restrictive requirementon : it is not sufcient that a
valid exist,the matrix usedto compute and
must give a valid Lyapunovfunction.

For consideratiorof robustnessthe following uncer-
tainty model and notation are used:

refersto the true parametenvalues
refersto the nominalor estimatedvalues

refersto the variationin parametervalues

thus . Thisnotationis appliedlikewiseto the
and vectorsthe matrix and . In this notation

(20)

(21)

(22)

The parametewariation considereds given by the
afne combination

(23)

In the constructionof Eqn (23), parameteariation with
positive and negativerangesmust be representedby two
terms ; andnonlinearcombinationsof physical pa-
rametervariation may require additionalboundingterms.
Dening o ~, the Lyapunovderivative
is determinedby the convexafne combination:

(24)

Proposition 2. Assuring Positive De nite.

Given asde ned in Eqn (20) and PD; variation
bounds ; and as given by Eqgn (24) PD for all
combinationsof , then will be PD any
possibleparametewariation given by Eqn (23).

is a convex afne combination,

PD onthe entire

Proof: because
testingthe cornercasesestablishes
set (see,e.g. [4]).
With a robust in hand, attention turns to the
robustdeterminationof and . Establishingthat
whenever will assureobustness
with respecto modulationof the proportionalgain. Given
that is known exactly, uncertaintyis introducedonly
by the parameterof the and  vectors. Two cases
are presentedfor the robustnessof proportional gain
modulation, the generalcase and a special case which
ariseswhen the matrix hasonly a single nonzero
element.

For propositions3t5 the following notationis intro-
duced:

is an element-wise upper bound on the
absolutevalue of - ;

likewise  and _ aredened for and

and refer to the element-wiseabsolute
valueof and

Proposition 3. Robustnessof proportional
gain modulation, the general case.

De ning - andchoos-

ing the switch function:

(25)
or

thentheterm
to be nonnegative.

in Egn (14)is assured



Proof: Because
function (25) assureghat

, Switch

(26)

NotethatEqns(25) and(27), below, arespecialcases
of Egns(17) and (18); thereis nothing that requires the
stiff gain be applied when . Additionally,
becausehe element-wiséboundis propagatedhroughthe
matrix multiplies, (25) may be less conservativethan a
boundgiven by normsof , and

Proposition 4. Robustnessof proportional
gain modulation, a special case.

Wheneachof the and vectorshasonly a single
nonzeroelementandthe singleresultingnonzeroelement
of matrix cannotchangesign under any allowed
parametewrariation,thenswitch function (17) is sufcient
to assure .

Proof: Bringing out a scalingfactorfrom in
switchfunction (17) will notchangethe regionsof state
spaceon which modulationof the proportionalgain is
allowed.

This special case arises with the Sarcosdextrous
manipulator and with any all-pole plant modelled in
controller canonicalform. In thesecases,robustnesof
proportionalgain modulationrequiresonly that and
not changesign.

Proposition 5. Robustnessof
rate gain modulation.

De ning - and

choosingthe switch function:

(27)
or

thentheterm
to be nonnegative.

in Eqn (14) is assured

Proof: follows that of proposition3 cum mutationibus
mutandis

4. Robust Control for the Sarcos
Dextrous Manipulator

Xu etal. [7, 8] have demonstratedNPD control
of a robotic handto quenchoscillationsarising with the

transition from non-contactto contactand force control.
Their applicationis usedhereto demonstrateobustNPD
control. The manipulatormay be representedby the state
spacemodelof Eqn (28) with the modelparametergiven
in table 1.

(28)
wherethe statevectoris comprised:

. Position of the actuator
: Position of the output
. Stateof the low pass lter

The output, , Is the contactforce, andis given by

. A detaileddescriptionof the systemwith

mechanicakchematicand systemblock diagramscanbe
foundin [7, 8]; additionaldetail is alsoprovidedin [3].

119.4 [Kg] 13.24 [Kg]
110100  [N/m] 11010  [N/m]
10 [N-s/m] 10 [N-s/m]
40.0 [sY]

Table 1. Parameters of the example NPD
application (from [7], parameter added).

Modeling uncertaintyin the environmentstiffness
parameter, , and performing a gradient searchfor a
which maximizedthe allowed uncertaintygave

(29)
Evaluatingthe conditionsof proposition2, this
provides robustnessto environmentstiffness variations
of +4.5% of the nominal value. By proposition 4, the
applicationof proportionalgain modulationis robustto
variationswithin this range.

Figures 2, 3 and 4, above, perform double duty:
showingboth the increaseddampingof NPD control and



robustnesgso +4.5% variationsof . Thesesimulations

weredoneusingNPD controlderivedwith the  of Egn
(29). Additionally, was given by:

(30)
wherethetermin  smoothghe transitionfrom low-gain
to stiff control. This choicefor givesboth and

continuous andis further describedn [2]. Eqn (30)
provides where is the maximum
value of , andis listed with gures 2-4. Note that

eachof propositionsl-5 is independentf the magnitude
of

Figure 6 hasbeenpreparedby simulatingthe system
for a muchbroaderrangeof = and measuringthe decay
of the longest-lastingoscillation. Figure 6 showsthat the
establishedrobustnesds quite conservativein terms of
stability (no parametercombination consideredshowed
instability). Performancelegradedsubstantiallyhowever,
as tookonvalueslargerthan115%of the nominal. As

grew, the simulationsshow increasingexcitation of a
higher frequencymode of the system.

Damping versus variation in ks (Simulated)
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Figure 6. Damping as a function of
environment stiffness,

5. Discussion

Robustnessresults have been obtained for NPD
control. By expressingmodel uncertainty as a linear
combinationof elementsfrom a basis set spanningthe
spaceof parametemncertainty,a boundis describedfor
the range of parametervariation allowable while
remainsa Lyapunovfunction.

Calculationof the boundsfor an examplecasehas
shown them to be rather restrictive, substantiallymore
so than simulationswould suggest. One source of this
discrepancypetweerntheoryandsimulationmay arisewith
requiringthatthe  matrix separatelyverify the positive
de nitenessof eachof the threetermsin Eqgn (10). It
is at this step that knowledgeof the maximum value of

and might be, but is not used. Robustness
for arbitrarily large stiff gainsis strongerrobustnesghan
is needed. The theory of linear matrix inequalitiesmay
provide a route to a single robustnesstest which will
incorporate knowledge of upper bounds on and
This and related questionsare the subject of
continuing work.
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Resume

Des resultats de robustessesont presengs pour
les sysemes de commandeNPD. A la suite de la
demonstratiorexperimentalede Xu et al. et desresultats
recentsont etablisla stabilite Lyapunov,la robustesselu
sysemede commandeNPD est examiree.



